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This  r e p o r t  i s  a  record and d iscuss ion  of  computer programs used by 
personnel o f  t h e  Aeronomy Laboratory f o r  c a l c u l a t i n g  D- and E-region e l e c t r o n  
d e n s i t i e s  and c o l l i s i o n  frequencies  from Faraday r o t a t i o n ,  d i f f e r e n t i a l  absorp t ion ,  
and standing-wave d a t a  obtained from Nike Apache rocket - rad io  propagat ion 
experiments.  A l l  t h e  programs a r e  w r i t t e n  i n  FORTRAN IV and a r e  compatable 
with t h e  IBM 360 system operated by t h e  Department o f  Computer Science a t  
t h e  Univers i ty  of  I l l i n o i s  i n  Urbana. 
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The rocket - rad io  propagat ion experiment of t h e  Un ive r s i t y  of I l l i n o i s  
was f i r s t  descr ibed by Bowhill (1965). Instrumentat ion of t h e  experiment 
is  d iscussed  by Knoebel and Skaperdas (1966). Fundamentals of t h e  method 
of a n a l y s i s  of  Faraday r o t a t i o n  and d i f f e r e n t i a l  absorp t ion  d a t a  a r e  
d iscussed  by Mechtly -- e t  a l . (1967), and of s tanding  waves, by Monro e t  a l .  
--
(1968). 
The p re sen t  r e p o r t  records  and descr ibes  computer programs which execute 
t h e  d e t a i l e d  numerical a n a l y s i s  of Faraday r o t a t i o n ,  d i f f e r e n t i a l  absorp t ion ,  
and standing-wave d a t a  from t h e  rocke t  experiments.  A l l  of t h e s e  programs 
a r e  expressed i n  t h e  language of FORTRAN I V .  
2 .  SIMULTANEOUS ANALYSIS OF FARADAY AND ABSORPTION DATA 
I d e a l l y ,  both Faraday r o t a t i o n  (FR) and d i f f e r e n t i a l  absorp t ion  (DA) 
da t a  a r e  measured a t  a l l  a l t i t u d e s  of  i n t e r e s t  i n  t h e  lower ionosphere.  
Unfortunately,  i n  t h e  region between about 55 and 85 km, only absorp t ion  
d a t a  a r e  gene ra l ly  measurable. Here, t h e  e l ec t ron  concent ra t ions  a r e  t o o  
small t o  cause a  measurable Faraday r o t a t i o n .  However, both types of  d a t a  
a r e  u sua l ly  obtained between about 85 and 100 km. 
We f i r s t  cons ider ,  i n  t h i s  s e c t i o n ,  a  computer program t o  analyze both 
types of  d a t a  s imultaneously.  In  Sect ion 3, we cons ider  t h e  ana lys i s  o f  
absorp t ion  d a t a  i n  t h e  absence o f  Faraday da t a .  
A program f o r  t he  simultaneous ana lys i s  o f  FR and DA d a t a  is  l i s t e d  
i n  Tables 1, 2 ,  and 3 .  This program has no branches except t o  sub rou t ines .  
Therefore,  t h e  program w i l l  be descr ibed s e q u e n t i a l l y  without re ference  t o  
a  flow c h a r t .  
Table 1 l i s t s  a l p h a b e t i c a l l y  t h e  names, d e f i n i t i o n s  and u n i t s  o f  
t h e  p r i n c i p a l  v a r i a b l e s  used i n  t h e  program. Tables 2 and 3 a r e  t h e  FORTRAN 
I V  s ta tements  of  t h e  m3in p a r t  o f  t he  program. The subrout ines  a r e  d iscussed  
i n  Sec t ions  4 and 5. 
The values of  phys ica l  cons tan ts  a r e  those l i s t e d  by Taylor e t  a l .  (1969), 
--
and Mechtly (1969). 
References t o  t a b l e  numbers and s tatement  numbers a r e  made by enc los ing  the  
t a b l e  number and t h e  s tatement  number i n  parentheses ;  t h e  two numbers separa ted  
by a  dash. For example, t h e  no ta t ion  (2-2) i s  a  re ference  t o  Statement No. 2 of 
Table No. 2 .  
Statements (2-2) t o  (2-9) e n t e r  t h e  equa to r i a l  rad ius  and f l a t t e n i n g  
f a c t o r  of  an ob la t e  e a r t h  and generate  constants  from them f o r  l a t e r  u s e .  
TABLE 1 
Names of Variables  
A = e q u a t o r i a l  r ad ius  of t h e  e a r t h  (meters) 
A10 = absorp t ion  index, ord inary  mode 
AIX = absorp t ion  index, ex t r ao rd ina ry  mode 
AZD = azimuth angle of t h e  rocke t  from t h e  t r a n s m i t t e r  (deg) 
B = t h e  t o t a l  f l u x  d e n s i t y  of t h e  geomagnetic f i e l d  ( t e s l a )  
BD = t h e  downward component of  t h e  geomagnetic f l u x  dens i ty  ( t e s l a )  
BN = t h e  no r th  component of  t h e  geomagnetic f l u x  dens i ty  ( t e s l a )  
BP = t h e  p h i  component of t h e  geomagnetic f l u x  dens i ty  ( t e s l a )  
BR = t h e  r a d i a l  component of geomagnetic f l u x  dens i ty  ( t e s l a )  
BT = t h e  t h e t a  component of t h e  geomagnetic f l u x  dens i ty  ( t e s l a )  
BW = t h e  westward component of  the^ geomagnetic f l u x  dens i ty  ( t e s l a )  
CF = e l e c t r o n  c o l l i s i o n  frequency, most probable ( s - I )  
CPH = cos ine  of t h e  geocent r ic  longi tude angle of t h e  rocke t  
CT = cos ine  of t h e  geocent r ic  po la r  angle  of t h e  rocke t  
CTH = cos ine  of t h e  angle  between t h e  wave normal and t h e  geomagnetic f i e l d  
DA = ca l cu la t ed  d i f f e r e n t i a l  absorpt ion r a t e  (dB/s) 
DAE = an observed va lue  of d i f f e r e n t i a l  absorp t ion  r a t e  (dB/s) 
DTR = t h e  number of rad ians  per  angular  degree 
ED = e l e c t r o n  concent ra t ion  (m-3) 
ELD = e l eva t ion  angle of  t h e  rocke t  from t h e  t r a n s m i t t e r  (deg) 
F = r a d i o  wave frequency of t h e  propagation experiment (Hz) 
FLAT = f l a t t e n i n g  f a c t o r  of an ob la t e  e a r t h  
FR = ca l cu la t ed  Faraday r o t a t i o n  r a t e  (deg/s) 
FRE = an observed va lue  of Faraday r o t a t i o n  r a t e  (deg/s) 
HL = a l t i t u d e  of t h e  rocke t  above t h e  e a r t h  (meters) 
R = t h e  d i s t a n c e  from t h e  cen te r  of t h e  e a r t h  t o  t h e  rocket  (meters) 
RIO = r e f r a c t i v e  index, ord inary  mode 
RIX = r e f r a c t i v e  index, ex t raord inary  mode 
RKTNO = rocke t  number 
RLATD = geodet ic  l a t i t u d e  of t h e  rocke t  (deg, nor th  (pos . ) ,  south (neg.))  
RLNGD = longi tude  of t h e  rocke t  (deg, e a s t  (pos .) , west (neg.))  
ROI = wave p o l a r i z a t i o n ,  ord inary  mode, imaginary p a r t  
ROR = wave p o l a r i z a t i o n ,  ord inary  mode, r e a l  p a r t  
RXI = wave p o l a r i z a t i o n ,  ex t raord inary  mode, imaginary p a r t  
RXR = wave p o l a r i z a t i o n ,  ex t raord inary  mode, r e a l  p a r t  
S  = t h e  angular  cyc lo t ron  (gyro) frequency ( r ad / s )  
SPH = s i n e  of t h e  geocent r ic  longi tude angle of t h e  rocke t  
ST = s i n e  of t h e  geocent r ic  po la r  angle, o f  t h e  rocke t  
TM = t ime of  t h e  rocke t  shot  (year and decimal p a r t  of a  year)  
V = t o t a l  v e l o c i t y  of t h e  rocke t  (m/s) 
W = angular  wave frequency of t h e  propagation experiment ( rad /s )  
X = t h e  r a t i o  of plasma frequency t o  wave frequency 
Y = r a t i o  of gyro and wave f requencies ,  a  nega t ive  number f o r  t h e  e l e c t r o n  
Z = t h e  r a t i o  of c o l l i s i o n  frequency t o  angular  wave frequency 
4 N A b Y S I S  OF R O C K E T  F R  A N D  D A  D A T A  
E N T E R  P A R A M E T E R S  CF O B L A T E  E A R T H  
A = 6 , 3 7 8 1 6 5 E 6  
A 2  = A + A  
A 4  = A 2 * A 2  
F L A T = 1 . - 1 . / 2 9 8 . 3  
B 2 = (  A + F L A T ) * * 2  
A 2 B 2 = A 2 * ( l e - - F L A T * * 2 )  
A 4 B 4 = A 4 * ( l e - F L A T + * 4 )  
E N T E R  P A R A M E T E R S  
R E A D  ( 5 9 5 0 )  R K T N O v T M 9 F  
F O R M A T  ( F ~ O . 3 9 F l O e ~ 9 F l O . O )  
C A L L  C O E F F  ( T M  
W  = 6 . 2 8 3 1 8 5 3 * F  
D T R  = 1 . 7 4 5 3 2 9 E - 2  
I N I T I A L I Z E  E L E C T R O N  D E N S I T Y  A N D  C O L L I S I O N  F R E Q U E N C Y  
E D = 1  .E8  
C F = l . E 5  
E N T E R  V A R I  A R L E S  
R E A D  ( 5 1 5 1 )  AZD*ELDIHT IV IRLATD,RLNGD*FRETDAE 
F O R M A T  ( 8 F 1 0 . 4 )  
C O N V E R T  D E G R E E S  T O  R A D I A N S  
A Z  = A Z D * D T R  
E L  = E L D * D T R  
R L N G R  = R L N G D * D T R  
R L A T R  = R L A T D + D T R  
S I N L A  = S I N ( R L A T R 1  
S I  N L A 2 = S I N L A * S I N L A  
C O S L  A 2 = 1 .  -S I N L A 2  
S P H  = S I N ( R L N G R )  
C P H  = C O S t  R L N G R )  
F I N D  G E O C E N T R I C  C O C I R D I N A T E S  O F  R O C K E T  
D E N 2 = A Z - A 2 B 2 * S I N L A Z  
D E N = S Q K T ( D E N Z )  
F A C = (  ( ( H T * D E N ) + A 2 ) / ( ( H T * D E N ) + B 2 ) ) * * 2  
C T = S I N L A / S Q R T ( F A C * C O S L A 2 + S N L A Z )  
R=SQRT(HT*(HT+~,*DEN)+(A~-A4B4*SINLA2)/DEN2) 
S T = S Q R T ( l . - C T * * 2 )  
CALCULAT'E G E O M A G N E T I C  F  I E L 0  A T  R O C K E T  
C A L L  F I E L D  ( R ~ S T I C T I S P H I C P H ~ B R T B T ~ B P T B )  
T R A N S F O R M  F I E L D  C O M P O N E N T S 9  G E O C E N T R I C  T O  G E O D E T I C .  
SIND=SINLA*ST-SQRT(COSLAZ)*CT 
C O S D = S O R T ( L . - S I N D * * 2 )  
B N = - B T * C O S D - B R * S I N D  
B D = B T * S I N D - B R * C O S D  
BW=-BP 
S  = - 1 . 7 5 8 8 0 3 E l l * B  
Y = S / W  
C A L C U L A T E  C O S I N E  O F  P R O P A G A T I O N  A N G L E  
C E L  = C O S ( E L )  
C T H  = (CEL*COS(AZ)*BN-SIN(EL)*BD-CEL*SIN(AZ)*BW)/B 
T H = A R C O S  ( C T H )  / D T R  
C A L C U L A T E  F R  A N D  D A  C O E F F I C I E N T S  
FV = F * Y  
FC = 6 , 0 0 4 1 5 3 E - 7 * F V  
AC = 1 , 8 2 0 4 2 8 E - 7 * F V  
I T E R A T E  T O  M A T C H  F R  A N D  DA 
W R I T E  ( 6 9 6 7 )  
FORMAT ( l H 1 )  
TABLE 3 
1 W R I T E  ( 6 9  6 8  RKTNOr  TM 
2 6 8  FORMAT ( 3 X ~ F l O a 3 r F l O c l / )  
3 P = 6  
4  DO 2 N = l r  P 
5 C  CALClJLATE R E F R A C T I O N  AND A B S O R P T I O N  I N D I C E S  
h C A L L  SENWYL ( E D ~ C F ~ S ~ C T H ~ W ~ R I O T R I X T A I O T A I X T R O R ~ R X R ~ R O I T R X I ~  
7 FR = F C * ( R I O - R I X )  
8 D A = A C * A B S ( A I X - A I O )  
9 X  = 3 1 8 2 0 6 0 1 8 * E D / W / W  
10  Z=CF/W 
11 W R I T E ( ~ ~ ~ ~ ) A Z D T B N T R O R T R I O T F T H T  
1 2  W R I T E  ( 6 r 6 2 ) E L D q B D r R X R t R I X r F R E I E D  
13 W R I T E ( 6 r 6 3 ) R L A T D r B W r R O I  T A I O T F R ~ X  
14  WRITE(6r64)RLNGDrBrRXItAIXrDAEqCF 
1 5  W R I T E ( ~ T ~ ~ ) V I Y T C T H ~ T H ~ D A T Z  
16 6 1  FORMAT ( AZ ' r l P E 1 3 o 6 r '  E N  ' r l P E 1 3 0 6 r 8  ROR ' ~ 1 P E 1 3 e 6 ~  
17  & ' R I O  ' r l P E 1 3 . 6 ~ '  F ' r l P E 1 3 e 6 r '  H T  ' q l P E 1 3 0 6  
18 6 2  FORMAT ( ' E L  ' r l P E 1 3 0 6 r '  B D  ' q l P E l 3 r 6 r '  RXR ' r l P E 1 3 . 6 ~  
19 & ' R I X  ' r l P E 1 3 - 6 9 '  FRE ' r l P E 1 3 e 6 r '  ED ' T l P E 1 3 0 6  
2 0  6 3  FORMAT( ' L A T  ' r l P E l 3 . 6 r '  BW \ l P E 1 3 0 6 ~ '  R O I  ' r l P E 1 3 . 6 ~  
2 1 & ' A 1 0  ' r l P E 1 3 . 6 r a  FR ' r l P E 1 3 o 6 r 9  X  ' r l P E 1 3 . 6 )  
22 6 4  FORMAT( ' LNG ' r l P E 1 3 - 6 9 '  I3 ' r l P E 1 3 . 6 ~ '  R X I  ' r l P E 1 3 . 6 ~  
2  3  & ' A I X  ' v l P E 1 3 - 6 1 '  DAE ' r l P E 1 3 * 6 t '  CF ' q l P E 1 3 0 6  
24 6 5  FORMAT ( ' V ' r l P E 1 3 . 6  r ' Y ' r l P E 1 3 . 6 r '  COS ' p l P E 1 3 o 6 r  
25 & I T H  ' r l P E 1 3 . 6 ~  ' DA ' r l P E 1 3 - 6 9 '  Z ' r l P E 1 3 e 6 )  
26 W R I T E  ( 6 9 6 0 )  
27 60 FORMAT ( 1 H  1 
2 8 ED=FRE/FR*ED 
2  1) C F = F R / F R E * D A E / D A * C F  
30 2 CONT 1 NUE 
3  1 GO TO 1 
32 END 
Statement (2-11) en te r s  the  rocket  number, t h e  time of  t h e  sho t ,  and 
t h e  frequency of  t h e  r ad io  experiment from a da ta  card.  
The subroutine COEFF is c a l l e d  by statement (2-13) t o  obta in  harmonic 
c o e f f i c i e n t s  represent ing  t h e  geomagnetic f i e l d  a t  t h e  time TM. The 
geomagnetic f i e l d  i s  represented by t h e  numerical model of Cain e t  a1 . 
-- 
(1967), o r  Cain (1968). The harmonic c o e f f i c i e n t s  of t h i s  model a r e  
f o r  epoch 1960.0 and a r e  designated by Cain a s  "GSFC (12/66)11. The c o e f f i c i e n t s  
include time de r iva t ives  from which c o e f f i c i e n t s  f o r  some other  time, TM, 
a r e  generated b y . t h e  subroutine COEFF. Subroutine,COEFF, a s  l i s t e d  i n  
Table 6 ,  is a modified form of  a program o r i g i n a l l y  provided by J .  C. Cain 
(Cain, 1968). 
Statements (2-17) and (2-18) spec i fy  i n i t i a l  values of  e l ec t ron  dens i ty  
and c o l l i s i o n  frequency t o  begin t h e  i t e r a t i v e  process of  ca l cu la t ing  values 
of  FR and DA which w i l l  match the  experimentally measured values FRE and DAE, 
respect ive ly .  
Statement (2-20) en te r s  coordinates of t h e  rocket  and experimentally 
measured values of  Faraday r a t e  FRE, and d i f f e r e n t i a l  absorption r a t e  DAE. 
Statements (2- 32) through (2- 38) convert t he  geodetic  coordinates of  
t h e  rocket  t o  geocent r ic  coordinates f o r  use by t h e  subroutine FIELD which 
ca lcu la t e s  t h e  geomagnetic f i e l d  components. Subroutine FIELD, a s  l i s t e d  
i n  Table 8, is a l s o  a modified form of a program o r i g i n a l l y  provided by 
J .  C .  Cain (Cain, 1968) . The f i e l d  components a r e  expressed i n  
terms of  nor th ,  west,  and down components; and funct ions of t h e  t o t a l  f i e l d  
a r e  computed by statements  (2-41) t o  (2-48). 
The numerical coe f f i c i en t  of (1-47) is  the  charge t o  mass r a t i o  o t  
t h e  e l ec t ron  (e/m) . 
The angle between t h e  wave normal and 3 of t h e  e a r t h ,  requi red  by t h e  
Sen-Wyller equat ions i s  found by s tatements  (2-49) t o  (2-52). 
To avoid r e p e t i t i o u s  eva lua t ion ,  during t h e  i t e r a t i v e  process ,  of t h e  
c o e f f i c i e n t  of t h e  FR and DA equat ions (Mechtly -- e t  a l . ,  1967), t h e  c o e f f i c i e n t  
a r e  eva lua ted ,  (2-53) t o  (2-56),  before  t h e  DO loop which performs t h e  
i t e r a t i o n s .  The numerical c o e f f i c i e n t  of (2-55) i s  180/c. The numerical 
c o e f f i c i e n t  of  (2-56) i s  2 x (4.3429. . .) x 2~r / c .  
The DO loop is  s e t  f o r  s i x  i t e r a t i o n s  by (3-3) .  
Refract ion and absorp t ion  ind ices  a r e  ca l cu la t ed ,  (3-6),  by t h e  
subrout ine  SENWYL, and f i n a l l y  FR, and DA; and t h e  conventional magnetionic 
va r i ab l e s  X and Z a r e  obtained by s tatements  (3-7) t o  (3-10). The numerical 
c o e f f i c i e n t  of (3-9) i s  e2/s,m. 
Statements (3-11) t o  (3-27) p r i n t  a l l  the  parameters and v a r i a b l e s  o f  
i n t e r e s t  f o r  a given i t e r a t i o n .  
Statements (3-28) and (3-29) provide more c o r r e c t  values of e l e c t r o n  
dens i ty  and c o l l i s i o n  frequency f o r  t h e  next  i t e r a t i o n .  These equat ions 
follow from f i r s t  o rde r  approximations (Mechtly -- e t  a l . ,  1967). 
A f t e r  t h e  s p e c i f i e d  number of i t e r a t i o n s ,  t h e  program r e t u r n s  by (3-31) t o  
t h e  read  s tatement  (2-20) f o r  t h e  next  s e t  o f  d a t a ,  which usua l ly  corresponds 
t o  one second l a t e r  i n  f l i g h t  time o r  about 1 . 5  km h ighe r  i n  a l t i t u d e .  
3 .  ANALYSIS OF DIFFERENTIAL-ABSORPTION DATA IN THE ABSENCE OF FARADAY DATA 
The program f o r  t h e  a n a l y s i s  of DA da t a  i n  the  absence of  FR d a t a  i s  
l i s t e d  i n  Tables 4 and 5 .  This program i s ,  f o r  t he  most p a r t ,  i d e n t i c a l  t o  
t h e  program f o r  t he  simultaneous a n a l y s i s  of FR and DA da t a .  The two 
programs d i f f e r  i n  t h e  fol lowing p a r t i c u l a r s .  
Statement (4-17) i n i t i a l i z e s  only ED, and not  CF. We assume t h a t  t h e  
c o l l i s i o n  frequency model of  s ta tement  (4-22), C F  = CFM * P ,  i s  v a l i d  a t  
a l t i t u d e s  (below about 85 km) where only DA d a t a  a r e  a v a i l a b l e .  The 
p r o p o r t i o n a l i t y  constant  CFM i s  t h e  value of t h e  r a t i o  CF/P which i s  judged 
t o  b e s t  r ep re sen t  t h e  values of  CF from t h e  FR and DA program (Tables 1, 
2 ,  and 3) and t h e  values of  atmospheric pressure  P ( ~ / m ~ )  from a s e l e c t e d  
CIRA o r  U.S. Standard Atmosphere model. 
Values o f  pressure  a r e  en tered  from da ta  cards ,  s ta tement  (4-20). 
I t e r a t i o n  i s  done only on t h e  v a r i a b l e  DA, (5-26), and not  on t h e  
v a r i a b l e  CF a s  before ,  s i n c e  CF i s  assumed t o  be known from t h e  model (4-22). 
TABLE 4 
A N A L Y S I S  OF BA W I T H O U T  F R I  G I V E N  C F  MODEL 
ENTER P A R A M E T E R S  OF OBLATE E A R T H  
A = 6 , 3 9 8 1 6 5 E 6  
A 2  = & * A  
A 4  = A 2 * A 2  
F L A T = l  , - 1 * / 2 9 8 . 3  
B 2 =  ( A * F L A T  ) * * 2  
A Z B 2 = A 2 * ( 1 . - F L A T * * 2 )  
A 4 6 4 = A b * ( l . - F L A T * * 4 )  
E N T E R  P A R A M E T E R S  
R E A D  (5.50) RKTNOITMIFICFM 
FORMAT ~F10.3rF10~lrF10~OtF10.0) 
C A L L  C O E F F  ( T M )  
W = 6 . 2 8 3 1 8 5 3 * F  
D T R  = 1 , 7 4 5 3 2 9 E - 2  
I N I T I A L I Z E  E L E C T R O N  D E N S I T Y  
E O = 1  .E7 
E N T E R  V A R I A B L E S  
R E A D  ( 5 9 5 1 )  AZDIELDIHTIVIRLATDIRLNGDIFRE,DAE 
R E A D  ( 5 r 5 1 3 P  
FORMAT ( 8 F 1 0 0 4 )  
C F  = CFM*P 
CONVERT DEGREES TO R A D I A N S  
A Z  = AZD*DTR 
E L  = E L D * D T R  
R L A T R  = R L A T D * D T R  
R L N G R  = RLNGD*DTR 
S I N L A  = S I N t R L A T R )  
S I N L A 2 = S I N L A * S I N L A  
C O S L A 2 = 1 . - S I N L A 2  
S P H  = S I N t R L N G R )  
C P H  = C O S ( R L N G R 1  
F I N D  G E O C E N T R I C  C O O R D I N A T E S  OF R O C K E T  
D E N 2 = A Z - A 2 8 2 * S I  N L A 2  
DEN=SQRT ( D E N 2  
F A C = ( ( ( H T * D E N ) + A 2 ) / ( ( H T * D E N ) + B 2 ) ) * * 2  
CT=SINLA/SORT(FAC*COSLA2+SINLA2) 
R = S Q R T ( H T * ( H T + ~ . * D E N ) + ( A ~ - A ~ B ~ * S I N L A ~ ) / D E N ~ )  
S T = S O R T ( l . - - C T * * 2 )  
C A L C I I L A T E  G E O M A G N E T I C  F I E L D  A T  R O C K E T  
C A L L  F I E L D  ( R V S T ~ C T I S P H I C P H I B R I B T V B P ~ B )  
TRANSFORM F I E L D  COMPONENTSv G E O C E N T R I C  T O  G E O D E T I C .  
SIND=SINLA*ST-SQRT(COSLA2)QCT 
C O S D z S Q R T  ( 1 . - S I N D * Q 2  
B N = - B T * C O S D - B R * S I N D  
B D = B T * S I N D - B R * C O S D  
BW=-RP 
S  = - l , 7 5 8 8 0 3 E l l * B  
Y = S /  W 
C A L C U L A T E  C O S I N E  OF P R O P A G A T I O N  A N G L E  
C E L  = C O S ( E L )  
C T H  = ( C E L * C O S ( A E ) * B N - S I N ( E L ) * 8 D - C E L * S I N ( A Z ) * % U ) / B  
T H  = A R C O S ( C T H ) / D T R  
C A L C I J L A T E  FR AND DA C O E F F I C I E N T S  
F V  = F*V 
F C  = 6 , 0 0 4 1 5 3 E - 7 * F V  
AC = 1 , 8 2 0 4 2 8 E - 7 Q F V  
I T E R A T E  T O  M A T C H  DA 
W R I T E  (6,671 
FORMAT ( 1 H 1 )  
'TABLE 5 
WRITE  ( 6 ~ 6 8 )  RKTMOpTMpCFM 
FORMAT ~ 3 X ~ F 1 0 e 3 ~ F 1 0 ~ l o l P E l O c 2 / )  
I = 6  
DO 2 N = l , I  
C A L L  SENWYL ~ED~CF~S~CTH~W~RIO~RIX,AIOIAIO~A~XTROR~RXR~ROITRXI~ 
FR = F C * ( R I O - R I X )  
D A = A C * A B S ( A I X - A 1 0 1  
X 3 1 8 2 e 6 0 1 8 * E D / W / W  
W R I T E ( ~ ~ ~ ~ ) A Z D T B N T R O R F R I O ~ F ~ H T  
W K I T E ( ~ ~ ~ ~ ) E L D T B D I R X R ~ R I X ~ P ~ E D  
W R I T E ( ~ ~ ~ ~ ) R L A T D T B W ~ R O I ~ A I O ~ F R I X  
W R I T E ( ~ V ~ ~ ) R L N G D ~ B I R X I  r A I X o D A E , C F  
W R I T E ( 6 r 6 5 ) V ~ Y q C T H r T H r D A ~ f  
FORMAT ( AZ ' T  l P E 1 3 . 6 ~  ' B N  ' r l P E 1 3 e 6 r '  ROR ' r l P E 1 3 . 6 ~  
& ' R I O  ' r l P E 1 3 e 6 r '  F  ' r l P E 1 3 . 6 ~ '  H T  ' r l P E 1 3 e 6 )  
FORMAT ( ' E L  ' 9 1 P E 1 3 . 6 ~  ' B D  ' r l P E 1 3 . 6 r '  RXR ' r l P E 1 3 - 6 9  
& ' R I X  ' r l P E 1 3 . 6 ~ '  P '  " l P E 1 3 . 6 ~ '  E D  ' r l P E 1 3 - 6  
FORMAT( '  L A T  ' v l P E 1 3 . 6 ~ '  BW " l P E 1 3 e 6 ~ '  R O I  ' r l P E 1 3 e 6 ~  
& ' A 1 0  " l P E 1 3 - 6 r '  FR ' r l P E 1 3 e 6 r b  X ' r l P E 1 3 . 6 )  
F O K M A T ( ' L N G  ' v l P E 1 3 e 6 r '  B ' 9 l P E 1 3 e 6 9 '  R X I  ' v l P E 1 3 . 6 ~  
8 ' A I X  ' r l P E 1 3 . 6 ~ '  DAE " l P E 1 3 . 6 ~ '  C F  ' r l P E 1 3 e 6 )  
FORMAT I " V ' 1 P E 1 3 - 6 9  ' Y ' r l P E 1 3 . 6 ~ '  COS ' r l P E 1 3 e 6 ,  
& I TH " l P E 1 3 . 6 r '  DA ' v l P E 1 3 . 6 ~ '  Z ' r l P E 1 3 e 6 )  
WK11F ( 6 9 6 0 )  
FORMAT ( 1 H  
E D  = ED*DAE/DA 
CON1 PNUE 
GO 'CO 1 
END 
4 .  SUBROUTINES FOR CALCULATING THE GEOMAGNETIC FIELD 
The subrout ine  COEFF, l i s t e d  i n  Table 6 ,  and F I E L D ,  l i s t e d  i n  Table 
7,  follow d i r e c t l y  from FORTRAN programs published by J .  C .  Cain and h i s  
coworkers of  NASA's Goddard Space F l i g h t  Center.  The Data Users t  Note 
NSSDC 68-11 (Cain, 1968) and t h e  paper by Cain -- e t  a l . (1967) give a complete 
and d e t a i l e d  account of t h e  foundat ions,  development, and l i s t i n g  of  pro-  
grams f o r  computing t h e  geomagnetic f i e l d .  We do no t  a t tempt  t o  r e c a p i t u -  
l a t e  t h e  v a s t  amount of work underlying t h e s e  programs i n  t h e  present  
r e p o r t .  
'I 'ARLE 6 
SUBROUTINE C O E F F ! T M !  
D I M E N S I O N  G ( l l r l l ) p G T b l L p l l ) r S H ~ P T ( I l ~ l l )  
COMMON / C D E F F S / T G ( l l e l l )  
R E A D  S P H E R I C A L  H A R M O N I C  C O E F F l C I E N T S  
T H E  C O E F F I C I E N T S  I N  T H E  D A T A  S T A T E M E N T  A R E  G S F C ( 1 2 / 6 6 )  
T H I S  G A R R A Y  C O N T h I N S  B O T H  G A N D  H V A L U E S  
D A T A  G /  
Z 0 . ~ - 3 0 4 0 1 e 2 T - 1 5 4 0 e 1 , 1 3 0 7 D 1 ~ 9 4 9 r 3 ~ - 2 3 3 . 5 9 4 9 e 2 v 7 2 e 2 9 8 e 5 q l o o 4 v - 2 e 9 9  
1 5 7 7 8 e 2 ~ - 2 1 6 3 ~ R ~ 2 9 9 7 e 9 p - 1 9 8 R o 9 ~ 8 0 3 e 5 9 3 5 5 o 7 v 5 7 ~ 5 r - 5 3 e 7 v 6 a 5 q 5 0 8 q - e 9 9  
2 - 1 9 3 2 e ~ 2 0 2 . Y ~ 1 5 9 0 e 3 ~ 1 2 7 6 e 8 ~ 5 0 2 . 9 q 2 2 8 ~ 4 q - ~ 8 t 7 ~ 9 ~ - 9 e 3 9 ~ a 5 ~ - 2 e ~ 9  
3 - 4 2 5 e 4 9 2 2 7 e 8 ~ - 1 3 3 . 8 ~ 8 8 1 ~ 2 ~ - 3 9 7 . 7 q - 2 8 . 8 r - 2 3 8 . 3 v 1 5 . 6 q - 9 e 6 q - 1 5 0 1 q e 8 9  
4 1 6 0 e 3 9 - 2 7 4 e 3 ~ 2 . 3 r - 2 4 6 e 6 ~ 2 6 6 . 5 q - 1 5 7 e 9 , - 1 e 5 ~ - 2 4 . 3 9 - 6 e l 9  1 2 0 1  9 - 2 0 8 9  
5 5 ~ 1 ~ 1 1 7 ~ 8 ~ ~ 1 1 4 ~ 8 r - 1 0 8 r 9 ~ 8 2 . 4 ~ ~ 6 2 e 2 ~ ~ 2 e ~ ~ 3 e 6 v 5 e 5 v 4 a 7 ~ 6 ~ 4 v  
6 - 1 2 a 1 ~ 1 0 4 ~ 4 ~ 5 6 ~ 6 ~ - 2 3 . 4 ~ - 1 4 ~ 8 ~ ~ 1 3 e 3 ~ ~ 1 0 R ~ 9 ~ 1 5 ~ 5 ~ ~ 8 a 1 ~ ~ 2 v 4 e 7 q  
7 - 5 3 , 7 ~ - 2 7 e 4 9 - 8 ~ 1 9 7 0 9 2 4 ~ 3 q - 2 2 0 5 9 - 2 1 . 4 ~ 3 e 6 ~ 1 3 e 9 1 0 6 ~ - e 2 ~  
8 5 ~ 4 ~ - 1 1 ~ 7 q 4 0 2 9 - 1 5 e 3 9 4 e h 9 2 1 . 9 9 ~ ~ 7 9 ~ 1 7 ~ 1 q 7 e 4 9 e 9 q 1 0 8 q  
9-22.4~13.8~603r-3e~-1t9~9.~1105~.lq-1e5q0292~q 
D - o l r 4 e 5 r - l . r 2 e h ~ - 4 e 4 9 - 1 . 3 t - 3 e 6 9 4 . r l . r - 2 e v l e 1 /  
D A T A  G T /  
Z O e ~ 1 4 ~ 0 3 ~ - 2 3 . 2 9 r - e 9 3 ~ 1 o 4 5 ~ 1 e 6 1 q ~ o 4 2 ~ 5 7 ~ ~ 3 5 ~ ~ e l O ~ ~ ~ O l ~  
1 - 3 ~ 7 1 ~ 8 ~ 7 6 r - a 0 9 r - 1 0 ~ 6 2 ~ 1 9 ~ . 6 ~ e 8 2 q ~ ~ 3 4 ~ r 5 ~ ~ ~ 1 3 ~ ~ ~ 1 3 ~  
2-14.319-16r629-4.56t2.31t-1.75~3.34pOA2~-1044~~.~~-1e2~~fl8~ 
3 5 . 2 q 2 a 5 3 ~ - 6 e 9 8 ~ - 5 . 8 9 ~ . h 6 ~ - . 0 4 q 2 ~ 3 5 q - ~ 9 ~ - ~ 1 l ~ ~ 0 8 9 - ~ 1 8 t  
4 - 2 e 1 9 r - e 1 4 ~ 1 ~ 8 R ~ - 6 e 5 2 ~ ~ 3 o 0 1 ~ - ~ 6 q ~ 8 3 ~ ~ 0 3 ~ e 3 4 ~ ~ e 0 8 ~ ~ 1 7 ~  
5 2 . 2 4 ~ 1 . 5 9 ~ - 2 . 6 1 ~ ~ 5 ~ - ~ 1 2 ~ 1 ~ 7 6 v o 0 1 ~ - ~ 6 ~ ~ e 0 7 v ~ e 3 9 ~ ~ a 0 2 ~  
6 . 0 5 1 . 0 9 r 2 e 5 5 ~ - 1 . 1 9 9 e 3 3 ~ . 8 4 9 . 2 3 v - e 1 7 ~ a 4 3 q - e 3 6 9 e o 5 9  
7-.9690019.439.75r-.33~049q.9~P~64q-e1590479e17q 
8 - e 5 ? - e 2 1 ~ 0 0 3 ~ - . 7 9 9 , 0 5 r . l p - e 3 h 9 - . 4 3 q - ~ 4 2 9 e 3 7 v 0 1 6 ~  
9 . 6 h v r 5 4 9 . 0 3 9 r 3 5 9 - a 0 3 9 ~ 0 0 1 ~ ~ 4 5 ~ - e 0 5 ~ 0 7 5 v ~ ~ 4 6 q ~ 3 l 9  
D - , 6 1 ~ - . h 4 q ~ 0 2 ~ ~ 0 5 ~ - . 6 3 ~ - ~ O 7 ~ e O 7 ~ o e O 3 v - e O 2 ~ ~ ~ 4 5 ~ ~ e ~ 3 /  
C A L C k I L A T E  N O R M A L I Z A T I O N  C O N V E R S I O N  F A C T O R S  
S H M I T ( l r l ) = - 1 ,  
M A X N  = 1 1  
D O  1 5  N z 2 r M A X N  
SHMIT(N~l)=SHMIT(N-l~l)*FLOAT(2*N-3)/FLOAT(N-l) 
S H M I T ( l r N ) = O o  
J J = 2  
D O  1 5  M z 2 . N  
SHMIT(NTM)=SHMIT(N9M-1)*SQRT(FLOAT((N-M+l)*JJ)/FLOAT(N+M-2)) 
S H M I T ( M - l , N ) = S H M I T ( N 9 M )  
J J= 1 
C O N V E R T  C O F F F I C I E N T S ?  S C H M I D T  T O  G A l l S S  
D O  1 6  N = 2 9  M A X N  
D O  1 6  M = l r N  
G ( N v M ) = G ( N 9 M ) * S H M I T ( N I M )  
G T ( N I M ) = G T ( N v M ) * S H M I T ( N * M )  
I F  ( M . E Q a l )  G O  TO 16 
G(M-lvN)=G(M-lvN)*SHMIT(M-1vN) 
GT(M-lrN)=GT(M-lrN)*SHMIT(M-1vN) 
C O N T  I N l J E  
C O N V F R T  C O E F F I C I E N T S  T O  NEW T I M E  
T = T M - 1 9 6 0 . 0  
00 1 8  W = l p H B X N  
D O  18 M - l r N  
T G ( N v M ) = G ( N p M ) + T % G T ( N p M )  
I F  ( M - E Q . 1 )  G O  T O  1 8  
T G ( M - l r N ) = G ( M - l r N ) + T * G T ( l u i - I e N )  
CONT I NlJE  
R ET IJRN 
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TABLE 7 
SUBROUTINE F I E L D  ( R q S T q ~ ~ , S ~ ~ q C P H q B R q B T ~ B P ~ B ~  
D I M E N S I O N  P ( P P ~ 1 1 9 q  D P B 1 1 q l l ) p  C O N S T ( l l r l 1 )  
D I M E N S I O N  S P ( 1 l ) r  C P ( 1 1 ) q  F N ( 1 l ) q  F M ( 1 1 )  
COWMON/COEFFS/G( 1 1 9 1 1  
NMAX = 11 
P ( l r 1 )  = l r  
D P ( l v 1 )  = 0'3 
S P ( 1 9  = O r  
C P ( 1 )  = 1'3 
DO 2 N = 2 9 1 1  
F N ( N )  = N 
DO 2  M = 1 r N  
F M ( M )  = M-1 
C O N S T ( N q M )  = F L O A T ( ( N - ~ ) * * ~ - ( M - ~ ) * * ~ ) / F L O A T ( ( ~ * N - ~ ) * ( ~ * N - ~ )  
S P ( 2 )  = SPH 
C P ( 2 )  = CPH 
DO 4 M = 3vNMAX 
S P ( M )  = SP(2)*CP(M-l)+CP(2)*SP(n-L) 
C P ( M )  = CP(2)*CP(M-l)-SP(2)*SP(M-l) 
ACjR=6,3712E6/R 
AR = AOR**2 
H T  = O r  
B P  = 0. 
BR = 0. 
DO 8 N = 2 rNMAX 
AR = AOR*AR 
DO 8 M = l ,N 
I F ( M * E Q . N )  GO TO 5 
P ( N v M ) = C T * P ( N - 1  qM) 
DP(NrM)=CT*DP(N-1,M)-ST*P(N-lqM) 
I F ( M e E Q . N - 1 )  GO TO 7 
P(NPM)=P(NvM)-CONST(NVM)*P(N-~VM) 
OP(NvM)=DP(NrM)-CONST(NqM)*DP(N-2rM) 
GO TO 7 
P ( N 9 N )  = S T * P ( N - 1 r N - 1 )  
D P ( N r N )  = ST*DP(N-lrN-l)+CT*P(N-1rN-l) 
PAR = P(N,M)*AR 
I F  ( M e E Q r l )  GO TO 9 
TEMP = G(NrM)*CP(M)+G(M-lrN)*SP(M) 
B P  = BP-(G(NqM)*SP(M)-G(M-lTN)*CP(M))*FMtM)*PAR 
GO TO 10 
TEMP = G ( N q M ) * C P ( M )  
BP  = B P - ( G ( N ? M ) * S P ( M ) ) * F M ( M ) * P A R  
R T  = BT+TEMP*DP(NrM) *AR  
BK = BR-TEMP*FN(N)*PAR 
BP = B P / S T  
B = SQRT(BT*BT+BP*BP+RR*BR) 
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5 .  A SUBROUTINE FOR GENERALIZED bNGNETOIONIC CALCULATIONS 
In the  region of  t h e  lower ionosphere between about 50 and 90 km, t h e  
c o l l i s i o n s  of  e l e c t r o n s  with n e u t r a l  molecules appreciably inf luence  t h e  
r e f r a c t i o n  and absorp t ion  ind ices  of r ad io  waves which a r e  s u i t a b l e  f o r  
i n v e s t i g a t i n g  t h i s  reg ion .  The p r o p o r t i o n a l i t y  of e l e c t r o n  c o l l i s i o n  
frequency and e l e c t r o n  k i n e t i c  energy (Phelps and Pack, 1959) must be an 
i n t r i n s i c  p a r t  of t h e  equat ions f o r  t h e  numerical ana lys i s  of  experimental 
d a t a  from t h i s  reg ion .  The Sen-Wyller equat ions ( Sen and Wyller, 1960) 
a r e  a convenient formulat ion of t h e  genera l ized  magnetoionic theory which 
inc ludes  t h e  energy dependence o f  c o l l i s i o n  frequency. 
Subroutine SENWYL, l i s t e d  i n  Table 8,  i s  a s ta tement  of  t h e  Sen-Wyller 
equat ions .  
Statements (8-5) t o  (8- 10) a r e  polynomial approximations (Hara, 1963) 
of  t h e  semiconductor i n t e g r a l s  appropr ia te  f o r  t h e  ionosphere.  Hara a s s e r t s  
t h a t  t hese  approximations a r e  i n  e r r o r  by l e s s  than 1% a t  most. 
Statement (8-11) c a l c u l a t e s  t he  square o f  t h e  angular  plasma frequency, 
R 2 .  The numerical c o e f f i c i e n t  i s  e2/c,m. 
Convenient in te rmedia te  va r i ab l e s  a r e  ca l cu la t ed  by (8-12) t o  (8-19).  
Statements (8-20) t o  (8-25) a r e  equat ions (55) from t h e  paper  by Sen 
and Wyller (1960). 
Statements (8-26) t o  (8-28) a r e  equat ion (56) o f  Sen and Wyller;  (8-29) 
t o  (8-33) a r e  equat ion (28) ; (8-34) t o  (8-44) a r e  equat ion (27) ; and (8-45) 
t o  (8-49) s epa ra t e  t h e  r e a l  and imaginary p a r t s  of t h e  complex r e f r a c t i v e  
ind ices  f o r  t h e  two magnetoionic modes. 
Wave p o l a r i z a t i o n s  a r e  ca l cu la t ed  by (8-50) t o  (8-57).  These s tatements  
correspond t o  equat ion (35) of Sen and Wyller. 
S U B R O U T I N E  S E N W V b ! E D 7 C F ~ S ~ C B H ~ W ~ R I O ~ R ~ X 5 A E O ~ A ~ X ~ R O R ~ R X R v R G ~ ~ R X ~ ~  
C G E N E R A L I Z E D  M A G N E T O - I O N I C  T H E O R Y *  S E N - W Y L L E R  E Q U A T I O N S .  
C O M P L E X  E l p E I I ~ E I l l s A A c B B o C C p D D e E E 9 V C p V D v V E p V F p V G ~ V H 9 V O v V X  
C O M P L E X  C M P L X ~ C S Q R T ~ B B V A I C C C P H B R O ~ R X  
C D E F I N E  BURKE-HARA F U N C T I O N S  FOR C 3 / 2  AND C 5 / 2 e  
C 3 2 ( X )  = ( ~ * ( ~ * ( X * ~ ~ + 2 4 ~ 6 5 3 1 1 5 ) + 1 1 3 . 9 4 1 6 ) + 1 1 ~ 2 8 7 5 1 3 ~ + e O 2 3 9 8 3 4 7 4 ~ / ~  
1 X * ( X * ( X * ( X * ( X * ( X + 2 4 o 6 5 6 8 1 9 ) + 1 2 0 . 4 9 5 1 2 ) + 2 8 9 . 5 8 0 8 5 l + l 4 9 . 2 1 2 5 4 l + 9 . 3 8 7  
2 7 3 7 2 ) + e 0 1 8 0 6 4 1 2 8 )  
C 5 2 ( X )  = ( ~ * ~ X * ( X + 6 , 6 9 4 5 9 3 9 ) + 1 6 , 9 0 1 0 0 2 ) + 1 ~ 1 6 3 0 6 4 1 ~ / ~ X * ~ X * ~ X * ~ X * ~ X +  
16e6314497)+35.355257)+68e920505)+64e093464)+4.3605732) 
P 2  = 3 1 8 2 e 6 0 1 8 * E D  
WPS = W+S 
wns = w-s 
Q = P 2 / W / C F  
R  = Q / C F  
T  = 2.5*Q 
A 1  = W/CF 
A 2  = WHS/CF  
A 3  = W P S / C F  
A  = R * W * C 3 2 ( A l )  
B  = T * C 5 2 ( A l )  
C  = R * W M S * C 3 2 ( A 2 )  
D  = T * C 5 2 ( A 2 )  
E  = R * W P S * C 3 2 ( A 3 )  
F  = T * C 5 2 ( A 3 )  
E I  = C M P L X  ( 1 , - A * - 0 )  
E I I  = C M P L X  ( . 5 * ( F - D ) r . S * ( C - E ) )  
E I I I  = C M P L X  ( A - e 5 * ( C + E ) r B - e 5 * ( F + D ) )  
AA = 2 . * E I * ( E I + E I I I )  
R B  = E I I I * ( E I + E I I I ) + E I I * * 2  
CC = 2 e * E I * E I I  
DO = 2 e * E I  
E E  = 2 . * E I I I  
VB  = C P H * C P H  
VA = 1.-VB 
VC = BB*BB*VA*VA-CC*CC*VB  
VD=CSQRT ( V C  
B B V A = B B * V A  
V E = A A + B B V A  
V F  = DD+EE*VA  
VG = ( V E + V D ) / V F  
V H  = ( V E - V D ) / V F  
VO=CSQRT ( V G )  
VX=CSQRT ( V H )  
C  S E P A R A T E  I N D I C E S  
R I O  = R E A L  ( V O )  
A I O  = - A I M A G ( V O )  
R I X  = R E A L  ( V X )  
A I X  = - A I M A G ( V X )  
C  C A L C U L A T E  WAVE P O L A R 1  Z A T I O N S  
CCCPH=CC*CPH 
R O = - (  ( B B V A - V D ) / C C C P H )  
R O R = R F A L  ( R O )  
R O I = A I M A G ( R O )  
R X = - ( ( B R V A + V D ) / C C C P H )  
R X R = R E A L ( R X )  
R X I = A B M B G ( R X I  
R E T O R N  
END 
6 .  RAY TRACING FOR Tt-IE ANALYSIS OF STANDING WAVES 
6 . 1  Haselgrove Method 
The Haselgrove (1954)method of r ay  t r a c i n g  which provides wave-normal 
d i r e c t i o n s  and r ay  coord ina tes  a t  t h e  end of each i n t e g r a t i o n  s t e p  i s  used,  
with some modi f ica t ion .  
The coord ina tes  of t h e  r a y  a r e  denoted by y(1) , y ( 2 ) ,  y(3) and t h e  
d i r e c t i o n  cos ines  of t h e  wave normal by AP(l) ,  AP (2 ) ,  AP(3) i n  t h e  Ca r t e s i an  
coord ina te  system. ?'he coordinate  system i s  o r i en t ed  such t h a t  y(3) i s  t h e  
v e r t i c a l  a x i s  and t h e  wave normal i s  i n  t h e  y(1) , y(3) plane,  t h i s  w i l l  b e  ca l l ed  
t h e  propagat ion plane.  See Figure 6 .1 .  
The propagation plane [ y ( l ) ,  y (3 ) I  makes an angle A Z I  with magnetic north 
and DIP i s  t h e  magnetic d ip .  AZI i s  determined by t h e  plane of  t h e  rocke t  
t r a j e c t o r y .  The d i r e c t i o n  cos ines  of B a r e  then 
B(l)  = cos DIP . cos AZI 
B(2) = cos DIP . s i n  AZI 
B(3) = - s i n  A Z I  
Both DIP and AZI a r e  input  parameters f o r  t h e  r ay - t r ac ing  program. 
6.2 D i f f e r e n t i a l  Equations of t h e  Ray 
The r a y  pa ths  a r e  ca l cu la t ed  by i n t e g r a t i n g  the  following simultaneous 
d i f f e r e n t i a l  equat ions 
(In t h e  FORTRAN program u i  i s  denoted by Y(I + 3 ) )  
Figure 6.1 Orientation of the coordinate system for the ray- 
tracing problem. 
The parameter,  G ,  i n  t hese  equat ions i s  used i n  de f in ing  t h e  normal index 
su r f ace .  This  su r f ace  i s  cons t ruc ted  about a  po in t ,  Q ( say) ,  i n  t h e  medium by 
f i r s t  drawing a  vec to r  from Q i n  t he  d i r e c t i o n  of a  wave normal. Then t h e  locus 
of t h e  poin t  on t h e  vec to r  which i s  d i sp laced  from Q by a  d i s t a n c e  equal t o  t h e  
phase r e f r a c t i v e  index, 1-1, generates  t h e  normal index s u r f a c e .  In de r iv ing  t h e  
equat ions Haselgrove (1954) defined t h e  normal index su r f ace  by 
G(yi ,  u i )  = 1 
where 
-f 
Thus t h e  end of t h e  v e c t o r ,  u  (which i s  i n  t he  d i r e c t i o n  of wave normal),  
u  genera tes  t h e  normal index su r f ace  s i n c e  t h e  condi t ion ,  - = 1, impl ies  t h a t  t h e  
1-I 
3 
magnitude of u  i s  equal  t o  1-1. 
In equat ions (1) and (2 ) ,  t i s  a  v a r i a b l e  of i n t e g r a t i o n  and, i n  t h e  sense  
used here ,  it has t h e  dimension of length .  The s i g n i f i c a n c e  of t h i s  v a r i a b l e  
i s  such t h a t  i f ,  i n  a  small  i n t e r v a l  of t ime,  t h e  phase of t h e  r a d i o  wave advances 
a  d i s t ance  d t  i n  f r e e  space, then i n  t h e  medium it advances a  d i s t a n c e  ds = 
(dY12 + d~~~  + dyZ2) 'I2 i n  the  d i r e c t i o n  of t h e  ray ,  where dyi a r e  given by 
equat ion (2) . 
Neglecting c o l l i s i o n s  and us ing  equat ion (3) and 
2 2 1 / 2  D = 2(1-X) - y$ 2 {yT4 + 4yL (1-X) 1 
and (always p o s i t i v e ) ,  s in0  = (1 - cos 0 )  
where 
Thus (4) and (5) a r e  a s e t  of s i x  d i f f e r e n t i a l  equat ions .  They a r e  i n t e g r a t e d  
s imultaneously t o  ob ta in  t h e  parameters of t h e  r ay  p a t h .  
6 . 3  Method of In t eg ra t ing  
The method of i n t e g r a t i n g  equat ions (4)  and (5) i s  t h e  Runge-Kutta four th  
o rde r  process  a s  modified by G i l l  (1951). 
The s e t  of s i x  simultaneous d i f f e r e n t i a l  equat ions a r e  w r i t t e n  i n  
genera l ized  form: 
I f  t h e  i n i t i a l  values of y i  a r e  y i o  then fou r  approximations t o  t h e  new values 
corresponding t o  an i n t e r v a l  h i n  t a r e  
i n  which 
kj.0 = hfi(Y10, Y20, * . . ~ 6 0 )  
k i l  = h f i ( ~ l l ,  Y 2 1 ,  . . ~ 6 ~ )  
k i 2  = h f i ( ~ 1 2 ,  Y22 ,  . . . ~ 6 ~ )  
k i 3  = h f i ( ~ 1 3 ,  Y23, . ~ 6 ~ )  
Y i l  = Y i O  + k i 0 / 2  
Y i 2  = Y i l  + (1 - m) (kil - q i l )  
where 9 i l  = k i ~  
Yi3 = Y i 2  + ( 1  + m) (k i2  - qi2)  
where q i2  = ( 2  - a) kil - ( 2  - 3 m )  qi l .  
The adopted va lue  of y i  a t  t h e  end of t h e  s t e p  i s  then 
yi4 = y i 3  + 1,/6 kig - 1 / 3  q ig  
where 9 i 3  = ( 2 + ) kiZ - (2 + 33/1/21 q i ~ .  
To economize in  t h e  computer s to rage  requirements ,  a  d i f f e r e n t  n o t a t i o n  i s  
used i n  t h e  FORTRAN program. Suppose t h a t  we a r e  a t  t h e  n th  s t a g e  of approxima- 
t i o n s ,  t h a t  i s  y i j ,  k i j ,  q i j  have been ca l cu la t ed  f o r  j  = n - 1 and they  a r e  t o  
be ca l cu la t ed  f o r  j  = n.  In t he  FORTRAN program (y i j ,  k i j ,  q i j ,  i = 1, 2 . . . , 6  
j  = n-1) a r e  denoted by (AY(I), AK(I), AQ(I), I = 1, 2 ,  . 
., 6) and (Yi j ,  k i j ,  
q i j ,  i = 1, 2, . . . 6,  j  = n) a r e  denoted by (Y(I) ,  K(I),  O( I ) ,  I = 1 ,  2 ,  . ., 6)  
6 .4  I n i t i a l  Conditions f o r  t h e  Ray 
Let A be  the  take-of f  angle  of t h e  ray  then t h e  i n i t i a l  d i r e c t i o n  
cosines of t h e  wave normal a r e :  
AP(1) = cos A 
AP (2) = 0 
AP(3) = s i n  A 
The coord ina tes  (yl,  y2, y3) a t  t h e  base  he ight  of t h e  ionosphere a r e  c a l l e d  
HB (HI, H 2 ,  Hg) and a r e  given by (- 
t a n  A '  0 ,  HB). 
Because of t h e  method of i n t e g r a t i o n  used, r ay  t r a c i n g  s t a r t s  a t  a d i s t a n c e  
Q ( taken a s  1 km; an input  parameter t o  t h e  program) beyond HB i n  t h e  d i r e c t i o n  
of t h e  wave normal. Thus t h e  i n i t i a l  coord ina tes  of t h e  ray  a r e :  
y ( i )  = H(i)  + Q W ( i )  i = 1 ,  2 ,  3  
6 . 5  Ray Tracing near  t h e  Ref lec t ion  Height 
The r e f r a c t i v e  index u and hence t h e  parameters y ( i  + 3) = u 4P( i )  vanish 
r a p i d l y  near  t h e  r e f l e c t i o n  he igh t ,  t h e r e f o r e  t h e  accumulated e r r o r s  i n  t h e  
ca l cu la t ed  va lues  of y (4 ) ,  y ( 5 ) ,  y(6)  would become se r ious .  l l ~ e r e f o r e ,  t h e  
t r a c i n g  of t h e  upgoing r ay  i s  turnca ted  rihen i t  reaches within 0 . 2  km of t h e  
r e f l e c t i o n  he igh t .  Then t h e  program s t a r t s  t r a c i n g  t h e  downgoing r ay .  The 
i n i t i a l  p o s i t i o n  y ( l ) ,  y (2 ) ,  y ( 3 )  of t he  dovngoing r ay  i s  taken t o  be  t h e  
p o s i t i o n  of  t h e  upgoing r ay  a t  t runca t ion .  The i n i t i a l  values f o r  y ( 4 ) ,  y ( 5 ) ,  
y(6)  of t h e  downgoing r a y  a r e  determined from t h e  r o o t s  of t h e  Booker q u a r t i c  
equat ion,  Budden (1961). 
6 .6  The Computer Program 
The computer program i s  w r i t t e n  i n  FORTRAN I V  and c o n s i s t s  of a  main program 
and four  subrout ines .  The main program inc ludes  t h e  i n t e g r a t i o n  i n s t r u c t i o n s .  
The f i r s t  subrout ine  r e t u r n s  t h e  i n i t i a l  coord ina tes  of  t h e  ray  and t h e  d i r e c t i o n -  
cosines of  t h e  wave normal a t  t h e  base of t h e  ionosphere.  The second subrout ine  
r e t u r n s  t h e  va lues  of X and - a t  each po in t  of t h e  i n t e g r a t i o n ,  t h e  t h i r d  
ay ( i )  
so lves  t he  Booker q u a r t i c  equat ion and r e t u r n s  i t s  r o o t s ,  and t h e  fou r th  
increments t h e  take-of f  angle  a t  t h e  end of each i n t e g r a t i o n  and senses  when a l l  
rays  have been computed. 
A s imp l i f i ed  form of  t h e  flow diagram of  t h e  program i s  shown i n  Figurz 6 . 2 .  
Constant parameters  a r e  def ined  f i r s t  (9-3) t o  (9-18), next ,  frequency and t h e  
magnetic f i e l d  d a t a  a r e  read (9-19),  and then  t h e  program branches t o  t h e  sub- 
rou t ine  DETXP. On en te r ing  t h i s  subrout ine  t h e  f i r s t  t ime, t h e  parameters desc r ib ing  
the  ionosphere a r e  read  and these  i n s t r u c t i o n s ,  (13-6) t o  (13-41), a r e  by-passed on 
succeeding occasions.  DETXP a l s o  determines t h e  i n i t i a l  d i r e c t i o n  cos ines  of t h e  
wave normal and t h e  s t a r t i n g  coord ina tes  of t h e  r ay  a t  t h e  l e v e l  where y(3)=HB, 
(13-47) t o  (13-53). These values a r e  r e tu rned  t o  t h e  master program which then 
determines t h e  s t a r t i n g  po in t  f o r  t h e  i n t e g r a t i o n .  The va lues  Y and Y and YT a r e  L 
then determined (9-47) t o  (9-53), before  branching t o  t h e  subrout ine  DETX which 
r e t u r n s  t h e  va lues  of X and i t s  s p a t i a l  d e r i v a t i v e s .  This information then al lows 
the  c a l c u l a t i o n  of t h e  r e f r a c t i v e  index, AMU from t h e  Appleton-Hartree equat ions ,  
(9-56)  t o  (10-20). The program then proceeds through a  loop involving t h e  
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Figure 6.2 Simplified flow diagram for the ray tracing computer program. 
TABLE 9 
1 C  O B L I Q U E  I N C I D E N C E  RAY-TRACING 
2  DiMENSION 8 ( 3 ) r A ~ ( 3 ) r ~ ( $ ) r A Y ( B ) P ~ ~ ( ~ i v ~ ~ i ~ ~ t ~ i 3 ~ t D ~ i ~ ~ ~ W ~ 8 ~  
3 C  ENTER CONSTANTS FOR R-K-G SOLUTIONS 
4 ST-SQRT (2 , )  
5 S l = l e - 1 e / S T  
6 S Z = 1  e + l e / S T  
7 S3=2,-ST 
8 S4=2  e-3 e / ST 
9 S5=2e+ST  
i 0 S 6 = 2 e + 3 e / S T  
11  P I 2 = 6 . 2 8 3 1 8 5 4  
12 C  ENTER PARAMETERS 
13 C O = P I 2 / 3 6 O 0  
14 Q= 1.0 
15 SG = 0.5 
1 O J P  = 8 0 0  
17 lul = 1.0 
18 J F  = 4.0 
19 1 READ(5 .2 )  FIFHIDIPIAZI 
0 2  FORMAT(F7e0~F8e01F5.0tF4.0) 
2 1  W R I T E ( 6 9 3 )  F v F H , D I P r A Z I  
77 3  FORMAT(1H l r6HFREQ = q - 6 P F 6 - 3 * l O X 8 H G e F R E O  = r - 6 P F 6 . 3 r l O X 5 H D I P  = rOPF5 .  
2.3 l l ~ l O X l O H A Z I M U T H  = r F 4 - 0 )  
14 READ ( 5 9 8 5 )  S E t S F  
75 8 5  FORMAT ( ZF6.O) 
26 C  F I N D  F I E L D  D I R E C T I O N  COSINES 
1 7 D I  P = D I  P*CO 
1 8 AZ I = A Z I * C O  
3 !) BY =-FH/F 
3! )  C = C O S ( D I P )  
3 1 B ( l ) = C * C O S ( A Z I )  
31 
- - 
B ( 2 ) = C * S I N ( A Z I )  
.> .> B ( 3 ) = - S I N ( D 1 P )  
3'1 J =o 
35 C  START POINT  FOR EACH RAY ELEMENT 
?O 4 CALL D E T X P ( A P ~ H ~ J ~ I O X I H B T H R ~ F ~ P I ~ ~ C O V B Y )  
- 7 
.> I IM=JP  
38 C  F I N D  I N I T I A L  VALUES OF Y 1  TO Y 3  
.?I 9 DO 20  I = l r 3 r l  
3 0 2 0  Y ( I ) = H ( I ) + Q * A P ( I )  
4 1 S = A P ( l )  
4 7 CF=AP ( 3  ) 
.I.? K = O  
4 4 L = l  
45 SD=SG 
40  C F I N D  Y r Y L r Y T  
J 7 5 C=Oe 
4 8 DO 6 I = l r 3 r l  
4 !) 6  C = C + A P ( I ) * B ( l !  
5 0 YL=RY*C 
:; 1 SC=SQRT(l.-C*C) 
.5 Z YT=BY*SC 
5 -3 YT2=YT*YT 
54 C  F I N D  X AND DX/DH 
r r  
.> .) CALL DETX(XIDXIYISD~KVL) 
5 0  C F I N D  I N D I C E S  FROM A-H EQ 
5 7 x l = a , - x  
5  8 X % = % , * X 1  
59 X3=YL*YL*X2*X2 
1 X 4 = X 2 - Y T 2  
1 
- X 5 = 2  .*X+X1 
3 X 6 = S Q R T ! Y T 2 * V T 2 + X 3 !  
4 D E X = X 4 - X 6  
5 I F ( I O X ) 7 r 7 r B  
6 7  O = X 4 + X 6  
7 I F ( K - 1 )  7 0 9 7 0 ~ 9  
7 0  I F ( S F - Y ( 3 )  1 8 9 ~ 8 9 ~ 9 0  
9 8 9  I F ( I M - J F ) 9 r l O r l O  
10 90 I F ( I H - J P ) 9 r l O ~ l O  
11 10 A M U E = l  . - X 5 / D E X  
12 I F ( A M U E ) l l t l l v l 2  
13 11 AMUE=-1  , 
14 GO T O  9 
15 1 2  AM\ lE=SQRT ( AMUE ) 
16 GO T O  9 
17 8 D=DEX 
18 9 A M U = l e - X S / D  
1 !I I F ( A M U ) 1 3 r l 3 ~ 1 4  
2 0  1 4  A M U = S Q R T ( A H U )  
2 1  I F ( K - l ) 1 5 * 1 6 r 1 7  
1 7  
- - 1 5  I F ( C ) 1 8 v 1 8 r 1 9  
2.5 C P R I N T  O U T P U T  COLUMN H E A D I N G S  
ZJ 19 W R I T E ( 6 v 2 1 )  
25 2 1  F O R H A T (  5 X l H X q  1 0 X I H Y t  1 1 X l H H 9 9 X 2 H M U v  ~ o x ~ H U ~ ~ X ~ H E L  ~ ~ x ~ H T H E T A ~ ~ x ~ H R A T I  
It) 10q 5 X b H I N C L I N 9 7 X 3 H M U X )  
2 7 L  = o  
28  96 U=ACIU 
Z!) C F I N D  I N I T I A L  V A L U E S  O F  Y 4  T O  Y 6  
30 DO 2 2  I = l r 3 r l  
3 1  2 2  Y ( I + 3 ) = A M U * A P (  I )  
3 2  C P R E S E R V E  A L L  I N I T I A L  V A L U E S  O F  Y  
-9 " 
.> .> 00 2 3  I = l r 6 * 1  
3.1 
- - 
2 3  A Y ( I ) = Y ( I )  
> :> K = l  
. > < I  GO T O  2 4  
>7 1 8  I M = J F  
li K GO T O  96 
i!) 1 6  1 F ( L - l ) 2 4 r 2 4 q 2 5  
.I0 2 5  1 . ~ 0  
1 1  GO TO 1 7  
. I 2  C. C A L C l l L A T E  S T E P  S I Z E  
!I3 2 4  D N = A M U + 2 . * ( ( 1 ~ - A M U * A M U ) * ~ l . + ~ 1 . - X * X ~ * Y L . * Y L / ~ D - X 4 ~ ~ - X * X ~ / D ~ A M l !  
i .1 D N = S G / D N  
i 5 I F ( S F - Y ( 3 ) ) H 7 . 8 7 r B 8  
' I)  8 7  I F (  I M - J F )  1 3 r 7 6 ~ 7 h  
8 8  I F ( i M - - J P ) 1 3 , 7 6 * 7 6  
:x C P R E P A R E  R E S U L T S  FOR O U T P U T  
!, 7 6  f l . = P l A N ( Y ( 3 ) / Y ( L ) ) / L O  
( 1  I H E : = C ; A N ( Y t 6 ) / Y ( d t )  ) / C O  
P L = V T Z / X 2  
. .. P 2 = S Q R T ( Y T 2 * Y T 2 / X Z / X 2 + V L * Y L )  
,- ; . . I F ( I U X 1 5 5 r 5 5 r 5 6  
. I  5 5  P I = ( P Z - P ~ ) / Y L  
1 ,  G O  T O  5 7  
. ) ( I  5 6  P 1 z - t  P 2 + P 1 )  / Y L  
c, -r 
. , 5 7  R = Z e * P 1 / ( 1 . + P 1 * P 1 )  
', h R = ( l , - S Q R T ( l , - R * R ) ) / R  
.,li A I N  = 1, 
( ~ ( i  I F  ( I O X )  2 6 9 2 6 9 2 4  
d e t e r m i n a t i o n  of t h e  a p p r o p r i a t e  v a l u e s  o f  AKin (11-52) t o  (11-57) ,  AQin and 
Y i n  (11-59) t o  (12-3) and (12-30) t o  (12-42) ,  u n t i l  t h e  i n t e g r a t i o n  s t e p  i s  
complete.  Each i n t e g r a t i o n  s t e p  r e q u i r e s  t h e  program t o  run t h r o ~ ~ g h  t i s  loop  
f o u r  t i m e s ;  d u r i n g  t h i s  c y c l e  each new v a l u e  o f  r a y  e l e v a t i o n ,  y ( 3 ) ,  i s  compared 
w i t h  t h e  ordinary-wave r e f l e c t i o n  h e i g h t  (12-11) i f  t h e  former i s  h i g h e r  t h e  
i n t e g r a t i o n  increment (DN) i s  reduced by 1 / 2 ,  and t h e  i n t e g r a t i o n  s t e p  is  
redone (12-5) t o  (12-11) .  When t h e  i n t e g r a t i o n  s t e p  i s  complete t h e  v a r i o u s  
pa ramete rs  of t h e  r a y  a r e  p r i n t e d  o u t  and t h e  program t h e n  de te rmines  i f  t h e  
r a y - t r a c i n g  p rocedure  h a s  gone f a r  enough (11-9) and (11-12),  i n  wllich c a s e  
t h e  i n t e g r a t i o n  i s  t e r m i n a t e d .  I f  t h e  r a y  i s  n o t  complete ,  t h e  r a y  t r a c i n g  
i s  cont inued i n  t h i s  manner u n t i l  t h e  r a y  i s  t r a c e d  up t o  w i t h i n  0 . 2  km o f  t h e  
ordinary-wave r e f l e c t i o n  h e i g h t ,  whereupon t h e  upgoing r a v  i s  t r u n c a t e d  (11 - 10) 
t o  (11-11) ; t h e n  a downgoirlg r a y  i s  t r a c e d  s t a r t i n g  from where t h e  lipgoing r a y  
was t r u n c a t e d .  The i n i t i a l  v a l u e s  o f  t h e  r e f r a c t i v e  index and wave normal 
d i r e c t i o n  c o s i n e s  o f  t h e  downgoing r a y  a r e  determined from t h e  r o o t s  o f  t h e  
Booker q u a r t i c  e q u a t i o n .  The paramete rs  o f  t h e  Booker q u a r t i c  e q u a t i o n  a r e  
determined f i r s t  (11-14) t o  (11-30),  then  t h e  program branches  t o  t h e  s u b r o u t i n e  
QUAR (11-31) which r e t u r n s  t h e  f o u r  r o o t s  o f  t h e  q u a r t i c  e q u a t i o n ,  and f i n a l l y  
t h e  r e f r a c t i v e  index,  y ( 4 )  and y (6)  a r e  c a l c u l a t e d  from t h e  p roper  r o o t  o f  t h e  
B.Q. e q u a t i o n  (11-32) t o  (11-47) .  Then t h e  program goes bach t o  t h e  i n t e g r a t i o n  
c y c l e .  
lrlhen a  r a y  i s  complete t h e  program branches  t o  t h e  s u b r o u t i n e  REP. Th is  
increments  t h e  t a k e - o f f  a n g l e  s o  t h a t  a n o t h e r  r a y  can be  computed a f t e r  b r a n c h i n g  
back t o  DETXP. REP a l s o  s e n s e s  when a l l  r a y s  a r e  computed and t h e  program i s  
s topped a t  t h i s  p o i n t .  
For t h e  purposes  o f  r a y  t r a c i n g  t h e  e l e c t r o n  d e n s i t y  i s  assumed t o  b e  a  
a: ;iX f u n c t i o n  o f  h e i g h t  o n l y ,  s o  t h a t  i n  equa t ion  (5) - 
ay (1) and --;;- a r e  z e r o .  The ? I T ( - )  
TABLl 11 
2  6 W R I P E ( Q v 2 8 )  ( Y ( I ) ~ I = ~ ~ ~ ) ~ A M U I U I E L I T H E ~ R B A I N ~ A M U E  
C P R I N T  ORB-MODE R E S U L T S  
28 F D R H A T ( F B e 1 r F 1 2 ~ l ~ F 1 P c 1 ~ 2 F 1 1 e 3 ~ F 1 O e l v F 1 1 ~ l v F l ~ e ~ ~ F 1 l ~ l ~ F l 2 e ~ ~  
C  P R I N T  X-MODE R E S U L T S  
GO T O  7 5  
2 7  W R I T E ( 6 v 2 9 )  ~ Y ( I ) P I = ~ ~ ~ ) ~ A H U ~ U ~ E L V T H E V R ~ A I M  
2 9  F O R M A T ( F 8 e l r F 1 2 e ~ v F 1 l ~ l ~ 2 F 1 1 e 3 ~ F 1 O e l ~ F l l e l v F l l e 2 v F l l ~ l ~  
7 5 I M = l e  
1 3  I F ( S E - Y ( 1 ) ) 3 3 ~ 8 6 * 8 6  
8 6 I F ( H R - Y ( 3 ) - . 2 ) 3 0 ~ 3 O f i  
3 1  I F ( Y ( 6 ) ) 3 2 * 1 7 * 1 7  
3 2  I F ( W B - Y ( 3 ) + e 5 ) 1 7 r 1 7 r 3 3  
3 0  I F ( Y ( 6 ) ) 1 7 * 1 7 ~ 3 4  
3 4  Y 2 = B Y * B Y  
T l = 1  e -Y2  
T 2 = 0 ( 3 ) * 0 ( 3 ) * Y 2 - 1 e  
T 3 A = 2 . * 8 ( 1 ) * 0 ( 3 ) * Y 2  
S 9 = S * S  
C 2 = C F * C F  
T 3 = T 3 A * S  
T4=Y2*(1.-8(3)*0(3)*C2+S9*B(l)*B(l)) 
T 5 = - T 3 A * C 2 * S  
T 6 = 0 ( 1 ) * 0 ( l ) * S 9 * C 2 * Y 2  
V=C2-X  
C F I N D  C O E F F S  OF Q U A R T I C  
A L = T l + X * T 2  
B E = T 3 * X  
GA=-X2*V+2 . *Y2*V+X*T4  
D E = T 5 * X  
E P = X l * V * V - C 2 * Y 2 * V - T 6 * X  
C A L L  O U A R ( A L , B E * G A V D E I E P ~ W )  
I = 2  
1 0 2  I F ( W ( 1 ) )  l O O v l O l v l O 0  
101 I = I + 2  
I F (  I - 8 ) 1 0 2 ~ 1 0 2 r 1 0 3  
103 Q U = W ( 3 )  
GO T O  1 0 7  
100 1 = 2  
1 0 6  I F ( W ( I ) ) 1 0 4 ~ 1 0 5 r 1 0 4  
104 I = I + 2  
GO T O  106 
1 0 5  QU=W( 1 - 1  1 
1 0 7  T T = - S / Q U  
T T l  =SQRT ( T T * T T +  1.) 
AMU=SQRT ( QU*QU+S*S 1 
Y ( 4 ) = A M U * T T / T T l  
Y ( 6 ) = - A M U / T T l  
L  =o 
K = O  
GO TO 3 5  
C P A R T  OF K T  MEMBER OF EQ 4 
17 F l = X * X 2 * ( l . + ( X l * X 2 - Y T 2 ) / ( D - - X 4 ) ) * B Y * Y L / A M U / A M L ~ / D / D  
C P A R T  O F  R T  MEMBER OF EQ 5  
F 2 = ( 1 . - 2 . * X + X 2 4 X * ( l . + X 3 / X 2 / ( D - . X 4 1 ~ / D ) * U / D / A M U / A H U / A M t J  
DO 3 6  I = l r 3 r l  
AK(I)=(&P(I)-Fl*(B(I)-C*AP(I)))/AMU*DN 
3 6  A K ( 1 + 3 ) = - F Z * D X ( I ) * D N  
GO T 0 ( 3 7 r 3 8 * 3 9 r 4 6 ) r K  
C F I N D  Y I - Y B  I N  F I R S T  APPROX 
3 7 D O  41 I = l p 6 9 1  
1 Y ( I ) = V ( I ) + A K ( I ) / Z .  
2 41 A Q ( S I = B K ( P !  
3  50 K = K + %  
4 5 3  I F ( Y ( 3 ) - H B ) 4 2 , 4 3 r 4 3  
5  42 00 44 I = l r 8 9 1  
6 44 V t I ) = A Y ( I )  
7 ON=DN/  2. 
8  # = 1 
9 L=2 
10 GO T O  3 5  
11 4 3  I F ( Y ( 3 ) - H R ) 3 5 r 4 2 , 4 2  
1 2  3 5  U=O, 
13 DO 4 5  I=4,6r 1 
1 4  4 5  U = U + Y ( I ) * Y (  I )  
1 5  U = S Q R T  ( U  
1 6  D O  4 6  I = l r 3 ~ 1  
1 7  4 6  A P ( I ) = Y ( I + 3 ) / U  
1 8  I F ( K - 1 ) 5 , 4 7 ~ 5  
19  4 7  BQ=Oe 
2  0 D O  84 I = l r 3 9 1  
2 1  84 BQ=BQ+(Y(I)-AY(I))*(Y(I)-AY(1)) 
2 2  I F ( B 0 ) 9 5 9 6 4 9 9 5  
2 3  9 5  S D = ( Y ( 3 ) - A Y ( 3 )  ) * D N / S Q R T ( B Q )  
24  I F ( S D ) 6 3 , 6 4 , 6 4  
2 5  6 3  SO=-SO 
2 0  64 D O  4 8  I = l r 6 9 1  
2 7  4 8  A Y ( I ) = Y ( I )  
2  8  I M = I M + l  
2 9  GO T O  5  
3 0  C F I N D  Y 1 - Y 6  I N  SECOND APPROX 
3 1  3 8  DO 49 I = l r 6 r l  
3  2  Y ( I ) = Y ( I ) + S l * ( A K ( I ) - A W ) )  
3 3  49 A Q (  I ) = S 3 * A K (  I ) - S 4 * A Q (  I ) 
5 4 GO T O  50 
3 5  C F I N O  Y 1 - Y 6  I N  T H I R D  APPROX 
3 6  3 9  D O  5 1  I = l v 6 r l  
3 7  Y(I)=Y(I)+S2*(AK(I)-AWI)) 
3 8  5 1  A Q ( I ) = S 5 * A K ( I ) - S 6 * A a ( I )  
3 1) GO T O  5 0  
J O  C F I N D  Y 1 - Y 6  I N  F O U R T H  APPROX 
4 1  40 DO 52 I = i r 6 r  1 
4  2 52 Y ( I ) = Y ( I  ) + A K (  I ) / 6 . - A Q ( I  ) / 3 .  
4  3  K = l  
4 4  GO T O  5 3  
4 5  3 3  C A L L  R E P ( J 9 M )  
4 O GO T O ( l v 4 9 5 4 )  r J  
17 54  C O N T I N U E  
-1 8 END 
TABLE 1 3  
1 S U B R O U T I N E  D E T X P ( A P ~ H ~ J I I O X T H B T H R I F I P I ~ I C O I Y )  
2  D I M E N S I O N  A P ( ~ ) ~ H ( ~ ) ~ A H ( ~ ~ O ~ ~ X ( ~ ~ Q ~ T D X ~ ~ O O B T A X # ~ B O B  
3  COMMON A I AHAX IDA I AH I% I DX 
4  I F ( J ) l r l r 2  
5  C  DO 1 T O  16 F I R S T  T I M E  ONLY 
6 1 J = l  
7 C  FACTOR T O  CONVERT N  TO X  
8  CON~1~6021E-l9*1e7588E11/8e854E~12/PI2/PI2/F/F*~eE~ 
9  l o x  = 0 
10 R E A D  ( 5 1 3 )  A M I N T A H A X ~ D A I N  
11 3  F O R M A T ( F ~ ~ O ~ F ~ O O I F ~ ~ W ~ )  
12 AM1 N=CO*AMIN 
1 3  AMAX=CO*AMAX 
14 OA=CO*DA 
15 R E A D ( 5 r 4 )  ( A H ( I ) r X ( I ) r  I = l r N )  
16 4 F O R M A T ( 4 (  F 6 e O r E 9 . 0 )  
17 C  CONVERT N  TO X  
1 8  DO 5 I = l r N 1 1  
19 5  X ( I ) = X ( I ) * C O N  
20 N=N-1  
2 1 DO 6 I = l r N r l  
22 C  F I N D  CHANGE I N  X BETWEEN DATA P O I N T S  
23  6 D X ( I ) = ( X ( 1 + 1 ) - X ( I ) ) / ( A H ( I W - A H ( I ) )  
24 H B = A H (  1 )  
2  5  I F ( I O X ) 7 r 7 r 8  
2  6 7  B = l o  
2  7 W R I T E  ( 6 7 9 )  
28  9 F O R M A T ( 3 X S H O - R A Y )  
29 GO T O  10 
30 8 B = l e + Y  
3 1 W R I T E ( 6 r l l )  
32 11 FORMAT ( 3 X S H X - R A Y )  
33 10 1 = l  
3  4  1 5  I F ( X ( I ) - B ) 1 2 ~ 1 3 r 1 4  
3 5  1 2  1 = I + 1  
3  G GO TO 1 5  
37 1 3  H R = A H ( I )  
3 8  GO TO 16 
39 14 I=I-1 
4  0  H R = ( B - X (  I )  ) / O X (  I ) + A H (  I )  
4  1 16 A = A M I N  
42 C ABOVE 1 'TO 16 F I R S T  T I M E  ONLY 
4  3 2  A l = A / C O  
44 W R I T E ( 6 r l 7 )  A 1  
45 1 7  F O R M A T ( 3 X 1 6 H T A K E - O F F  ANGLE = r F 5 . 1 / / )  
46 C  D I R E C T I O N  C O S I N E S  OF RAY WORMAL 
47 A P ( 1  ) = C O S ( A I  
48 AP (2 I = O .  
49 A P ( 3 ) = S I N ( A )  
5 0  T A = A P ( 3 ) / A P ( l )  
5  1 H ( l ) = H B / T A  
52 H ( 2  )=0. 
53 H ( 3 ) = H B  
54 RETURN 
5  5  END 
TABLE 14 
1 SUEROUilNE D E T X i X I D X p Y ~ S D ~ I ~ L ;  
2 C FIND X AND DX/DH 
3 DIMENSION D X ( ~ ) ~ Y ( ~ ) , A H ~ ~ O O ) ~ A X ( ~ O ~ ) ~ A B X ( ~ O O )  
4 COMMON A~ A M A X *  D A *  an9 AX  v ADX 
5 IF(I-l)lv2~3 
1 IF(L 149495 
7 5 Xl=Oe 
8 J=2 
9 D X ( ~ ) = A X ( J ) / ( A H ( J ) - A H ( ~ ) )  
10 H2=Y (3 
1 1  Hl=AH( 1) 
12 J 1 = J 
13 3 X=Xl+DX(3)*(Y(3)-Hl) 
14  4 DX( 1 )=O. 
15 DX(2)=Oe 
1 6 RETURN 
17 2 J=l 
18 8 IF(AH(J)-Y(3))6v6r7 
19 6 J=J+l 
20 GO TO 8 
2 1  7 IF(H2-Y(3))9r9~10 
2 2 9 H2=Y (3 
23 IF(J-J1)11~12rl3 
24 1 1  J=Jl 
2 5 GO T O  3 
' 12 l F ( A H ( J ) - Y ( 3 ) - S 0 ) 1 4 * 3 ~ ( 3  
27 14 J=J+l 
78 13 M=J 
29 16 Jl=J 
3 0 X=Xl+DX(3)*(Y(3)-Hl) 
3 1 Xl=X 
31 D X ( ~ ) = ( A X ~ M ) - X ) / ( A H ( H ) - Y ( ~ ) )  
7 3 Hl=Y(3) 
3 4 GO TO 4 
75 10 H2=Y (3) 
3 6 IF(J-J1)20917rll 
37 20 IF(J-l)3~3r15 
38 15 M=J-1 
z C, GO T O  16 
10 17 IF(Y(3)-AH(J-l)-SDI 189393 
11 18 IF(J-1)393919 
42 19 J=J-1 
13 GO T O  15 
14 END 
TABLE 15 
S U B R O U T I N E  Q U A R ( A ~ B ~ C I D ~ E I S ~  
DIMENS!ON 2 ! 8 ! ; Q R C 2 ) : R R ! 2 !  
P I = 3 0 1 4 1 5 9 2 9  
P I 2 = P I * 2 *  
A l = B / A  
B l = C / A  
C l = O / A  
D l = E / A  
J= 1 
A 2 = A l * A l  
P A = B 1 - 3 o * A 2 / 8 .  
Q A = C l - A l * B 1 / 2 o + A l * A 2 / 8 e  
R A = D l - A l * C 1 / 4 e + B l * A 2 / 1 6 e - 3 e * A 2 / 2 5 6 e  
P = l o  
Q - -PA /3 .  
R = 4 . * R A / 3 .  
W=4.*PA*RA-QA*QA 
AQ=P*R-Q*Q 
AR=(3 . *P*Q*R-P*P*H) /Z . -Q*Q*Q 
Z=AR*AR+AQ*AQ*AQ 
I F ( A Q 1 7 1 r 7 2 9 7 2  
T H = A R / S Q R T ( - A Q * A Q * A Q )  
I F ( T H ) 7 5 , 7 6 , 7 6  
T H = - T H  
I F ( Z  1 7 3 , 7 4 9 7 4  
T H = A T A N ( S Q R T ( l . - T H * T H ) / T H )  
T H = T H / 3 .  
Y l = 2 o * S Q R T ( - A Q ) * C O S ( T H )  
I F ( A R ) 7 7 * 7 8 , 7 8  
Y 1 = - Y l  
Y l = ( Y l - Q ) / P  
I F ( Y l - P A ) 7 9 1 8 0 , 8 0  
T H = T H + P 1 2 / 3 0  
J = J + l  
I F ( J - 3 ) 8 1 r 8 1 * 8 0  
T G = T H + S Q R T ( T H * T H - 1 . )  
T H  = A L O G ( T G )  
T G = T H / 3 ,  
TH=-TG 
Yl=SQRT(-AQ)*(EXP(TG)+EXP(TH)) 
I F ( A R  ) 8 2 r 8 3 t 8 3  
Y l = - Y l  
Y l = ( Y l - Q ) / P  
GO T O  8 0  
T H = A R / S O R T  ( AO*AQ*AO ) 
I F ( T H ) 8 6 r 8 7 r 8 7  
TH=-TH  
T G = T H + S Q R T ( T H * T H + l . )  
T H  = A L O G ( T G )  
T G = T H / 3 .  
TH=-TG 
Y l = S Q R T ( A Q ) * ( E X P ( T G ) - E X P ( T H ) )  
I F ( A R ) 8 4 ~ 8 5 ~ 8 5  
Y 1 = - Y l  
Y l = ( Y l - Q ) / P  
T H = S Q R T ( Y 1 - P A )  
Q R ( 1 ) = T H  
QR ( 2  )=--TI+ 
R R ( 1 ) = Y 1 / 2 . - Q A / 2 . / T H  
R R ( 2 ) = Y 1 / 2 . + 6 8 / 2 r / T H  
TABLE 16 
DO 99 1 = l r 2 r l  
SR=QRb 1 )*QR( I )-4,*RR(I 1 
IF (SR157rSBr58 
S T=O o 
CT=l  e 
R=SQRT(SR) 
GO TO 59 
ST=lo 
CT=Oo 
R=SQRT (-SR 1 
I F ( I - l ) 9 6 r 9 6 * 9 7  
J = l  
GO TO 9 8  
J  = 5 
S ( J l = - Q R ( I ) / 2 e + R * C T / 2 , - A 1 / 4 e  
S (J+ l )=R*ST /Z*  
S ( J + Z ) = - Q R ( 1 ) / 2 . - R * C T / 2 , - A L / 4 e  
S(J+31=-R*ST/2r 
J = l  
I F ( S ( J ) - S ( J + 2 ) ) 3 0 ~ 3 0 , 3 1  
P=S( J )  
S ( J ) = S ( J + 2 )  
S (J+Z)=P  
P=S ( J + 1 )  
S ( J + l ) = S ( J + 3 )  
S ( J + 3 ) = P  
GO TO 32 
J=J+2 




1 SUBROUTINE REP(J*M) 
2 C O ~ M O N  AIAHAXIDA 
3 M =A+DA 
4 IF(A-AHAX)2*2rl 
5 1 IF(H)3r394 
6 3 J-1 
7 GO TO 5 
8 4 J=3 
9 GO TO 5 
10 2 J=2 
11 5 WRITE(6r6) 
12 6 FORMAT(iH1) 
13 R E TURN 
14 END 
e l e c t r o n  d e n s i t i e s  a r e  provided t o  t h e  subrout ine  DETXP a t  a  s e r i e s  of he igh t s  
and between t h e s e  he igh t s  t h e  e l e c t r o n  d e n s i t y  i s  assumed t o  vary  l i n e a r l y .  
Input  da t a  f o r  t h e  program inc ludes ,  bes ides  t he  e l ec t ron -dens i ty  parameters 
and opera t ing  frequency (F),  parameters desc r ib ing  t h e  magnetic f i e l d ,  of which 
any v a r i a t i o n  with he igh t  i s  neglec ted .  These f i e l d  parameters a r e  t h e  e l ec t ron  
gyrofrequency (FH), d ip  angle  (DIP) and t h e  azimuth angle (AZI) which determines 
t h e  propagat ion plane.  A parameter (SG) which determines t h e  s i z e  of each 
i n t e g r a t i o n  s t e p  i s  a l s o  suppl ied  and t h i s  i s  s e l e c t e d  so  t h a t ,  i n  gene ra l ,  an 
i n t e g r a t i o n  s t e p  i n  f r e e  space would be  about 0 . 5  km. However, t h i s  Darameter i s  
mul t ip l i ed  by p/nl  a t  each p o i n t  i n  t h e  i n t e g r a t i o n ;  mul t ip ly ing  by p would 
g ive  approximately equal  i n t e g r a t i o n  s t e p s  and f u r t h e r  d iv id ing  by n '  gives 
s h o r t e r  i n t e g r a t i o n  s t e p s  i n  reg ions  where t h e  r e f r a c t i v e  index i s  changing 
more r a p i d l y .  
Figure 6 .3  r ep re sen t s  t h e  r ay - t r ac ing  r e s u l t s  f o r  a  t y p i c a l  rocke t  s h o t ,  t h e  
rocke t  pa th  and only po r t ions  of t h e  r ays  which a r e  of i n t e r e s t  f o r  t h e  standing- 
wave ana lys i s  a r e  shown. The standing-wave ana lys i s  formulated i n  s e c t i o n  6 
r e q u i r e s  t h e  propagat ion angles  (of both t h e  upgoing and downgoing r ays )  f o r  a  
number of po in t s  on t h e  rocket  t r a j e c t o r y .  An important f e a t u r e  of t h e  ray-  
t r a c i n g  r e s u l t s  is  t h a t  t h e  propagation angles  vary  very slowly a s  a  func t ion  of 
p o s i t i o n .  Hence, when t h e  r ays  a r e  s h i f t e d  i n  p o s i t i o n  due t o  r ay - t r ac ing  
e r r o r s ,  t h e  corresponding e r r o r  i n  propagation angles  and hence the  e r r o r  i n  
e l ec t ron -dens i ty  p r o f i l e  i s  smal l .  
The standing-wave a n a l y s i s ,  formulated from t h e  Booker q u a r t i c  equat ion,  
Sec t ion  8 ,  r equ i r e s  a  family o f t a k e - o f f a n g l e s  of t h e  upgoing and downgoing rays 
( a  and 6 i n  Figure 6 . 3 ) .  I t  should be noted frcm t h e  f i g u r e  t h a t  t hese  t ake -  
o f f  angles  a l s o  vary slowly a s  func t ions  of p o s i t i o n .  
HORIZONTAL DISTANCE (km) 
Figure 6,s Rays t r aced  f o r  a s e r i e s  of take-of f  angles .  Only t hose  s e c t i o n s  
of t h e  r ays  which i n t e r s e c i  t h e  rocke t  t r a j e c t o r y  a r e  shown. 
' (Nike-Apache 14.143). 
7. STANDING-WAVE ANALYSIS, FORMULATED FRObil THE APPLETON-HARTREE EQUATION 
7 .1  Method of Analvsis 
Monro -- e t  a l .  (1968) have descr ibed a  method of  determining e l e c t r o n  d e n s i t i e s  
from standing-wave p a t t e r n s  between t h e  X-ray and 0-ray r e f l e c t i o n  l e v e l s .  Two 
waves of t h e  same frequency b u t  d i f f e r i n g  i n  wavelength a r e  considered i n  t h e  
r1 and r 2  d i r e c t i o n s , ( F i g u r e  7.1.  When t h e  X - Y axes a r e  o r i en t ed  such t h a t  
- P 2  C O S e  ti1 s i n e  
@ = t a n  1 (or  equiva len t ly  cos 41 = p2  s i n e  1 ) ,  then t h e  p lanes  of u ' 
maximum (or  minimum) amplitude a r e  normal t o  Y, the  s epa ra t ion  between ad jacent  
planes being 
where Xo = f r e e  space wavelength 
p1 = r e f r a c t i v e  index f o r  t he  d i r e c t  ray 
u 2  = r e f r a c t i v e  index f o r  t h e  r e f l e c t e d  ray 
The d i s t ance  between s tanding  wave minima observed along the  rocket  t r a j e c t o r y  
i s  given by 
d '  = d 
cos $ 3 
From t h e  geometry o f  Figure 7.1,  4 i s  determined by: 3 
u1 - P2 case 
4 = t a n  1 p 2  s in0  
n $2 = ( T -  +TH1 
$, = 4,  - PHR 
The r e f r a c t i v e  i n d i c i e s  a r e  given by the  A-H equat ion:  
!sigure 7 . 1  (;comctry used in thc standing analysis, formulated from 
where 
YT2 = Y ST2 
+ C01, ST1 = cos ine ,  and s i n e  of  t he  angle between and rl 
+ -+ 
C02, ST2 = cos ine ,  and s i n e  of  t he  angle between B and r 2 .  
E lec t ron  concent ra t ions  a r e  deduced from s tanding  wave p a t t e r n  by an 
i t e r a t i v e  process  which c a l c u l a t e s  t he  d i s t ance  between t h e  fades f o r  a  given 
value of X ,  and keeps changing X u n t i l  t h e  ca l cu la t ed  d i s t a n c e  agrees wi th  t h e  
observed va lue .  
7 . 2  Rocket Tra jec tory  
In o rde r  t o  e l imina te  t h e  n e c e s s i t y  o f  en t e r ing  rocket  coord ina tes  f o r  a 
l a rge  number of he igh t s ,  t h e  rocket  t r a j e c t o r y  i s  ca l cu la t ed  i n t e r n a l l y  as  
fo l lows .  
The acce l e ra t ion ,  g, due t o  g r a v i t y ,  i s  assumed t o  decrease l i n e a r l y  over a  
l imi t ed  he igh t  range so  t h a t  
g  = go - gl(h - ho) 
where g  = go a t  h  = h This i s  a  good approximation over  t he  standing-wave 0  ' 
reg ion .  
The equat ion of  v e r t i c a l  motion i s  then 
Solving t h i s  and us ing  the  boundary condit ions t h a t  
we ge t  f o r  t h e  time v a r i a t i o n  of t h e  he ight  of  t h e  rocke t :  
Var ia t ion  of  h o r i z o n t a l  d i s t ance  with time is given by 
( x - x ) = ( t - t ) v  1 0 x 
where x = x a t  t = t and v i s  t h e  ho r i zon ta l  v e l o c i t y  (assumed c o n s t a n t ) .  1 0 X 
The coordinates  h l ,  x l ,  v,, vx a t  time t (time a f t e r  launch) a r e  input  0 
parameters t o  t h e  program. 
7 . 3  The Computer Program 
The computer program i s  w r i t t e n  i n  FORTRAN IV and w i l l  be  d iscussed  with 
the  a i d  of  t h e  flow diagram o f  Figure 7 . 2 .  The names of v a r i a b l e s  and t h e i r  
d e f i n i t i o n s  a r e  l i s t e d  i n  Table 18. Parameters a r e  en tered  by s ta tements  (19-1) 
t o  (19-22), nex t ,  t h e  t r a j e c t o r y  parameters a r e  ca l cu la t ed  (19-23) t o  (19-31) 
and then p a r t  o f  t h e  magnetoionic parameters a r e  determined (19-32) t o  (19-46). 
The inpu t  d a t a  c o n s i s t i n g  of propagation angles f o r  t he  d i r e c t  and r e f l e c t e d  
rays and the  e lapsed  time between success ive  fades  a r e  entered a t  t h i s  po in t  
(19-47) t o  (19-53).  For each item of  t h e  standing-wave da t a  a corresponding 
e l ec t ron  dens i ty  i s  determined i n  t h e  following manner: F i r s t  t h e  p o s i t i o n  and 
v e l o c i t y  of  t h e  rocket  i s  c a l c u l a t e d  (20-5) t o  (20-12),  nex t ,  t h e  observed 
d i s t ance  between t h e  fades i s  determined (20-13) t o  (20-IS) ,  t h e  propagat ion 
angles a t  t h e  rocket  a r e  i n t e r p o l a t e d  from the  input  da t a  (20-16) t o  (20-26) ,  
and then the  magnetoionic parameters YL and YT f o r  t he  A . H .  equation a r e  
R E A D  PARAMETERS I S  RAY COMPLETED? 




AZ I  
Bl,B2,B3 





















G I  
HO 
II I  
HD(I) 
HU ( I )  











THD ( I )  
THU ( I )  
mI1 
Ub12 
Names of Variables  
Azimuth angle of t h e  propagation plane (an input  parameter) 
Geomagnetic azimuth angle of t h e  propagation p lane  
Direc t ion  cosines of rf 
-+ 
V e r t i c a l ,  northward, and westward components of B ( input  parameters) 
Magnetude of I? (an input  parameter) 
cos (TH1) 
cos (TH2 
s i n  (TH1) 
s i n  (TH2) 
Cosine of t h e  angle between t h e  d i r e c t  ray  and 
+ Cosine of t h e  angle between t h e  r e f l e c t e d  r ay  and B 
x/180 
Calculated d i s t a n c e  between fades ,  measured along y-axis  
Calcu la ted  d i s t ance  between fades ,  measured along t h e  rocket  t r a j e c t o r y  
Magnetic d i p  angle 
Distance between fades i f  both rays  were propagat ing i n  vacuum 
Observed d i s t ance  between fades 
Increment f o r  changing X 
Charge t o  mass r a t i o  f o r  e l e c t r o n  
Electron dens i ty  (cm-3) 
Frequency of t h e  propagat ing wave 
Cosine of t h e  angle between t h e  d i r e c t  and r e f l e c t e d  rays  
Acce lera t ion  due t o  g r a v i t y ,  a t  he ight  HO 
Rate of decrease of g r a v i t a t i o n a l  acce l e ra t ion  pe r  meter e l eva t ion  
See GO 
Elevat ion of t h e  rocke t  a t  t ime TO 
See THD(1) 
See THU(1) 
Number of po in t s  where propagation angles  f o r  t h e  d i r e c t  ray  i s  given 
(an input  parameter) 
Number of po in t s  where propagat ion angles f o r  t h e  r e f l e c t e d  r ay  i s  given 
(an input  parameter) 
Number of po in t s  where s tanding  wave da t a  i s  given (an input  parameter) 
'Tr 
Rocket propagat ion angle measured from t h e  ho r i zon ta l  ax i s  
Sine of t h e  angle between t h e  d i r e c t  r ay  and I% 
Sine of t h e  angle between t h e  r e f l e c t e d  r ay  and % 
Time l apse  between two fades ,  occuring a t  mean time T(1) ( input  da ta )  
See SW(1) 
I n i t i a l  time (seconds a f t e r  launch) f o r  c a l c u l a t i n g  t h e  rocket  t r a j e c t o r  
In t e rpo la t ed  va lue  of t h e  d i r e c t  ray propagation angle a t  the  rocke t  
Interpo1,ated value of t h e  r e f l e c t e d  ray  propagat ion angle a t  t he  rocke t  
Propagation angle of t h e  r e f l e c t e d  ray  a t  a  he igh t  HD(1) ( input  da t a )  
Propagation angle of t h e  d i r e c t  ray  a t  a  he igh t  H U ( 1 )  
Square of t h e  r e f r a c t i v e  index of d i r e c t  ray  
Square of the  r e f r a c t i v e  index of r e f l e c t e d  ray  
TABLE 18 (Continued) 
V e r t i c a l  v e l o c i t y  of t h e  rocke t  a t  time TO (an inpu t  parameter) 
Hor izonta l  v e l o c i t y  of  t h e  rocke t  a t  t ime TO 
Gyrofrequency ( rad /sec)  
Wave length i n  vacuum 
w n 2 / w 2  = ~ e ~ / ~ ~ m w ~  
Hor izonta l  coordinate  o f  t h e  rocke t  a t  time TO (an inpu t  parameter) 
Ra t io  of X t o  e l e c t r o n  d e n s i t y  
Ra t io  of  gyrofrequency t o  propagat ion frequency 
Longitudinal  component of  Y f o r  t h e  d i r e c t  and r e f l e c t e d  rays 
Transverse component o f  Y f o r  t h e  d i r e c t  and r e f l e c t e d  rays  
TABLE 19 
STANDING WAVE A N A L Y S I S ?  A-H 
D I M E N S I O N  H l J ( 5 O ) r T H l J ( 5 0 ) 9 H D L 5 0 ) p T H D ( 5 0 ) ~ T ( 2 0 0 ) 9 S W ( 2 0 0 )  
FNTER CONSTANTS 
P I  = 3 . 1 4 1 5 9 2 7  
CON = P I / 1 8 0 .  
€OM = 1 . 7 5 8 7 9 6 E 1 1  
ENTER PARAMETERS 
F  = 3.385EOh 
RD = 4 .894E-05  
RN = 1 . 7 2 3 E - 0 5  
RW = 3 . 5 4 9 E - 0 6  
HT = 5.201E-05 
AZ = 9 4 . 6 7  
N 1  = 1 2  
N2 = 1 0  
N 3  = 1 0 5  
TO = 88 .33  
H 1 = 1 0 6 7 4 2 .  
X 1 = 2 7 7 2 6 .  
V 0 = 1 1 3 9 . 3  
VX=367.94  
H 0 = 1 5 2 4 0 0 .  
CALCIILATE TRAJFCTORY PARAMFTFRS 
G 0 = 9 . 3 5 1  
G1=2.7hE-6  
C l = G O / G l + H O  
G S = S O R T ( G l )  
C 2 = (  ( H I - C 1  ) 3 G S + V 0 ) / 2 .  
C 3 = (  ( C l - H l ) * G S + V 0 ) / 2 .  
C 4 =  ( H l - C 1 - V O / G S )  /2.  
C5=C2/GS 
CALCI ILATE PRFL I M I N A R Y  VAK I AHLFS 
I&JL.=2.997925FU/F 
Id=2.::PI ;::F 
XN = 3 . 1 8 2 4 0 7 F 3 / W / t d  
01 IJ = ATPN (BD/SORT ( HN*HN+HW*BW) ) 
DEC = ATAN(RW/HN)  
AZ = CON :rAZ 
A Z I  = AZ+DFC 
WH = -RT:xF[)M 
Y = WH/W 
C=COS ( D I P  
I I I K F C T I ( 1 N  C O S I N F S  f l F  F I  F L I I  
HI = c * : c n s r a z I )  
Y? = C: : :S Ih l (AZI )  
Y 3  = - S I N ( D I P )  
ENTER I)ATA 
KEAO ( 5 9 3 )  ( H O ( I ) v T H I I ( I ) ,  I = I , N l )  
F O K M A T ( l O F 7 . 0 )  
READ ( 5 9 5 )  ( H D ( l ) r  T H D ( I ) T  I = l ? N 2 )  
FORMAT( 1OF7.0 )  
KFAD ( 5 ~ 7 )  ( T ( I ) ,  S W ( l ) ~ I = 1 , ~ 1 3 )  
FORMAT ( 1 0 F 7 . 0 )  
CONVERT K1.l TO Mv DEG TO RAO. 
n n  4  I = ~ ~ N Z ~ Z  
HIJ( I ) = H l l (  I ):Xl .E3 
T H I I (  I ) = T H I I (  I )*CON 
00 6 I = l r N 2 9 1  
H n ( I ) = H D ( I ) * l , E 3  
TABLE 20 
TWD ( I ) = T H D  ( I ) ' * C O N  
P R O C E S S  A L L  D A T A ;  N 3  C A S E S ,  
DO 8 M = l r N 3 , 1  
T D = T  ( M  
C O M P I J T E  T R A J E C T n R Y  
E X = G S ; k ( T ( M ) - T O )  
F l = E X P (  E X )  
F 2 = E X P ( - E X )  
A L T = C 4 ? 6 E 2 + C 5 * E l + C  1 
V H = C 2 * E  1 + C 3 * 6 E 2  
V = S O R T  ( V H : k V H + V X * V X )  
P H R = A T A N ( V H / V X )  
O I  S T A N C F  O B S E R V E D  B E T W E E N  F A D E S  
S P F = - S W ( M )  
C ) f l H = V * S P F  
I N T E R P O L A T F  A R R I V A L  A N G L E S  
1 = 1  
I F ( H I I ( 1  ) - A L T ) 9 ? 1 0 ~ 1 0  
I = I + 1  
G n  T n  1 2  
J = l  
l F ( t i D ( . J ) - A L T )  l l r 1 3 ~ 1 3  
J = J + l  
G r l  T f l  14 
T H l = T H I J (  I - l ) + ( A L T - q k l (  1 - 1 )  ) * ( T H t J ( I  1 - T H t J (  1-1 1 ) / t H l J (  I ) - t i l l (  1 - 1 ) )  
T H 2 = T H D ( J - l  ) + ( A L T - H O (  J - 1 )  ) 2 k ( T H n ( J ) - T H D ( J - l )  ) / ( H f l (  J I - p l ) ( J - 1 )  ) 
C A L C I J L A T E  P R O P A G A T I O N  A N G L E S  
C L l = C f l S ( T H l )  
C N l = S O K T  ( 1 . - C L l * C L l )  
I F ( T H 1 ) 1 5 ~ l h v l h  
C N l = - C h l l  
C L Z = C r ) S  ( T H 2 )  
C h 1 7 = S O K T  ( 1. - C L 2 * C L 2  ) 
I F ( T H 2 ) 1 7 r l A ? l H  
C N 2 = - C h l 2  
C O 1  = H1;KCL l + H 3 ; k C N l  
C O ?  = H l * C L Z + R 3 * C M 2  
Y L 1  = Y;:Cr11 
Y L 2  = Y;:Cr12 
S I ~ = S O R T ( ~ . - C I ~ ~ + C O L )  
. S  I 2 = S U K T  ( 1. - C 0 2 * C f l 2  ) 
Y T l  = Y:::SI1 
Y T ?  = Y * S I 2  
Y T 1 2 = Y T l ; : : Y T l  
Y T 7 2 = Y T 2 : k Y T 2  
FK=ChI l : : :CNZ+CL 1 x c C L 2  
T L = S O K T  ( 1 . - F K * F R  
T F S T  r l F  V A C O O M  FAID IN( ;  I ) I S T A h l C F  
D M = W L / S O K T ( 2 . - Z . * F K )  
P H = ( T H l + T H ? + P I ) / ? . - P H K  
I ) M = O M / C O S  ( P H  
J F I D M ) 5 2 v 5 3 , 5 3  
l )M=-  L)M 
T F ( O M - O n H ) 7 0 ~ 7 0 , 6 6  
E D = - 1 .  
G r l  T O  R 
q E F K A C T I V E  I N D I C E S  F R O M  A-H EOS.  
X=.5  
OX=.ll 
J  = l  
ca l cu la t ed  Y , , Y T ~  f o r  t h e  d i r e c t  ray and Y L ~ ,  
1 
Y T ~  f o r  t h e  r e f l e c t e d  ray)  
(20-36) t o  (20-45). A t  t h i s  po in t  t h e  vacuum fading d i s t ance  D j I  ( t h e  d i s t ance  
t h a t  would be  observed between fades i f  t h e  rays were propagat ing i n  vacuum) 
i s  ca l cu la t ed  and compared with t h e  observed d i s t ance  DOB (20-48) t o  (20-56), 
if t h e  l a t t e r  i s  equal  t o  o r  smal le r  than t h e  former no meaningful e l e c t r o n  
dens i ty  can be ca l cu la t ed  and t h e  program goes t o  t h e  next d a t a .  I f  t h e  
observed fad ing  d i s t a n c e  is l a r g e r  than t h e  vacuum fading  d i s t a n c e  t h e  corresponding 
e l e c t r o n  dens i ty  i s  determined by an i t e r a t i v e  process which v a r i e s  X u n t i l  t h e  
observed and ca l cu la t ed  d i s t ance  between t h e  fades agree .  The i t e r a t i o n  loop 
s t a r t s  with c a l c u l a t i n g  t h e  r e f r a c t i v e  i n d i c i e s  f o r  t h e  d i r e c t  and r e f l e c t e d  
rays (21-3) t o  (21-12), nex t ,  t h e  d i s t ance  between t h e  fades DCA i s  c a l c u l a t e d  
(21- 13) t o  (21-20), and then t h e  observed and c a l c u l a t e d  d i s t ances  a r e  compared, 
i f  they  d i f f e r  by more than 0.1%, X i s  incremented (21-21) t o  (21, 42) and DCA i s  
r eca l cu la t ed ,  t h e  i t e r a t i o n  cont inues u n t i l  t h e  observed and c a l c u l a t e d  d i s t ances  
agree wi th in  0 . 1  %; then  t h e  e l e c t r o n  dens i ty  ED i s  determined from t h e  f i n a l  
value o f  X (21-43) and t h e  r e s u l t  p r i n t e d  (21-44). Now t h e  program re tu rns  t o  
(20-3) t o  process  t h e  next  standing-wave d a t a .  
TABLE 2 1  
1 J=O 
2 3 3  X 1 = ( 1 . - X ) * 2 ,  
3  0 1 = X 1 - Y T 1 2 + S O R T ( Y T 1 2 * Y T 1 2 + Y L 1 * Y L 1 * X 1 * X 1 )  
4 D 2 = X l - Y T 2 2 + S Q R T ( Y T 2 2 * Y T 2 2 + Y L 2 * Y L 2 * X l * X l )  
5 U M 1 = 1 . - X * X l / D l  
6  UM2=1 . - X * X l / D 2  
7  I F ( I J M 1 ) 3 3 9 6 3 9 6 3  
8 6 3  I F ( I I M 2 ) 3 3 9 6 4 q h 4  
9  6 4  EK=2.xcFK*S(JRT (UM l * l JMZ)  
10 DCA=WL/SQRT ( lJMl+I IM2-FR ) 
11 IJMlS=SORT (OM1 
12 IIM?S=SORT ( IJM2) 
13 PH=ATAN(  (IJMlS-IJM2S*FR) /OM2S/TL 
14 I F ( P H ) 1 9 ~ ? 0 9 2 0  
15 1 9  PH=PH+PI  
16 2 0  P H = T H l - P H + P I / 2 .  
17 PH=PH-PHR 
18 DCA=DCA/CnS(PH)  
19 I F ( D C A ) 6 0 ~ h l r h l  
20 6 0  DCA=-DCA 
2 1  C MATCH CALCIJLATED AND OHSFRVFD DISTANCFS. 
22 6 1  P =  (DCA-DO8 / D n B  
2 3  I F ( 1 - 1 ) 2 1 9 2 1 9 2 2  
24 2 2  DX=DX/2 .  
25 11 I F ( P 1 2 3 ~ 2 4 ~ 2 4  
26 3  I F ( P + . 0 0 1 ) 2 5 ~ 2 6 ~ 2 h  
27 7 5  X=X+DX 
2 8 I F ( J - l ) 2 7 ~ 2 A q 2 9  
29 7H I = 2  
30 2 7  J=2 
31 7 9  I F ( X ) 3 0 9 3 1 9 3 1  
32 1 1  I F ( X - 1 . ) 3 2 ~ 3 3 ~ 1 3  
33 2 4  I F ( P - . G O 1 ) 2 h r 2 h ~ 3 5  
34 3 5  X=X-ox  
35 I F ( J - 1 ) 3 4 ~ 2 9 9 3 6  
36 3 6  I = ?  
37 1 4  J = l  
3 8 GO TO 2 9  
39 1 0  OX=DX/7.  
40 G O  TO 2 5  
41  3 3  n x = n x / ? .  
42 G O  TO 3 5  
4 3  7 6  F I l=X/Xh l  
44 8 W R I T F ( h T h 7 ) T D T A L T r F D ~ D n H ~ D C A ~ I J M 1 S ~ l J M 2 5 ~ P H R  
45 6 7  FnKMAT ( l P H F 1 5 . 5 )  
4 6 F hll) 
8.  STANDING-WAVE ANALYSIS, FORMULATED FROM THE BOOKER QUARTIC EQUATION 
An a l t e r n a t e ,  bu t  phys i ca l ly  equ iva l en t ,  method of analyzing t h e  s tanding-  
wave d a t a  makes use  of  t h e  Booker q u a r t i c  equat ion.  Roots of  t h e  Booker q u a r t i c  
equat ion (Booker, 1938; Budden, 1961; Kelso, 1964) convenient ly r e l a t e  r e f r a c t i v e  
ind ices  and a r r i v a l  angles  of  waves propagat ing obl ique ly  i n  a  doubly r e f r a c t i n g  
ionosphere.  
Assuming h o r i z o n t a l  s t r a t i f i c a t i o n  of  t h e  ionosphere,  we may w r i t e  S n e l l ' s  
law f o r  t he  d i r e c t  and r e f l e c t e d  rays r e spec t ive ly  a s  fol lows.  
p i  s i n  8 i  = p i o  s i n  8 i o  (8 .1)  
p, s i n  8, = pro s i n  ero 
o r  i n  t h e  computer n o t a t i o n ,  def ined  i n  Table 2 2 ,  
UI s i n  THI = s i n  THIC Z S I ,  
and UR s i n  THR = s i n  THRC z SR. 
For a  t r i a l  va lue  of  X ( i f  s u f f i c i e n t l y  c l o s e  t o  t he  c o r r e c t  v a l u e ) ,  two r o o t s  
of t h e  Booker equat ion a r e  pure r e a l  numbers, corresponding t o  t h e  upgoing and 
downgoing r a y s ,  from which r e f r a c t i v e  ind ices  a r e  obtained by t h e  equat ions ,  
U I  = J ( Q I R ) ~  + (SI) , (8 .5)  
and UR = J ( Q R R ) ~  + (SR) . ( 8 - 6 )  
Then, s i n c e  THIC and THRC a r e  known, i n  f i r s t  approximation, from an i n i t i a l  
s e t  of ray t r a c i n g s ,  
THI = a r c s i n  (SI/UI) , 
and THR = a r c s i n  (SR/UR) . 
Wavelengths i n  t h e  d i r e c t i o n s  of t h e  d i r e c t  and r e f l e c t e d  rays a r e  a l s o  obta ined  
from t h e  r e f r a c t i v e  ind ices  and t h e  equat ions,  
WLI = C /  (F * U I )  , (8.9)  
TABLE 2 2  
Names of Variables  












































U I  





- 8 i 
- 6 r 
- e  
- E i  
- 
E r 
F f  
- Y i  
- Y r  
H z 
N n  
- E 0 
- (9 
E L  (9 
- 9 i 
QD q i  
- 9 r  





- 8 i 
- 8 i o  
THD 8 i o  
PSD B i  




PSR O r  
MUD p i  
Coe f f i c i en t  of Booker q u a r t i c  equat ion f o r  d i r e c t  wave 
Coef f i c i en t  of Booker q u a r t i c  equat ion  f o r  r e f l e c t e d  wave 
Coef f i c i en t  of Booker q u a r t i c  equat ion f o r  d i r e c t  wave 
Coeff ic ien t  of Booker q u a r t i c  equat ion f o r  r e f l e c t e d  wave 
The t o t a l  f l u x  dens i ty  of t h e  geomagnetic f i e l d  ( t e s l a )  
Geomagnetic f i e l d  component p a r a l l e l  t o  t r a j e c t o r y  p l ane  ( t e s l a )  
Geomagnetic f i e l d  component perpendicular  t o  t r a j e c t o r y  plane 
( t e s  l a )  
Upward component of geomagnetic f i e l d  ( t e s l a )  
Speed of  l i g h t  i n  vacuum 
cos (THIC) 
cos (THRC) 
Elec t ron  dens i ty  (m-3) 
Coe f f i c i en t  of Booker q u a r t i c  equat ion f o r  d i r e c t  wave 
Coef f i c i en t  of Booker q u a r t i c  equat ion f o r  r e f l e c t e d  wave 
Charge of  an e l ec t ron ,  a  p o s i t i v e  number (coulomb) 
Coef f i c i en t  of Booker q u a r t i c  equat ion f o r  d i r e c t  wave 
Coef f i c i en t  of Booker q u a r t i c  equat ion f o r  r e f l e c t e d  wave 
Frequency of propagating wave (Hz) 
Coe f f i c i en t  of Booker equat ion f o r  d i r e c t  wave 
Coef f i c i en t  of Booker q u a r t i c  equat ion f o r  r e f l e c t e d  wave 
A l t i t u d e  above t h e  e a r t h  (km) 
The number of i t e r a t i o n s  performed 
P e r m i t t i v i t y  of f r e e  space (farad/meter)  
Eleva t ion  angle from t h e  t r a n s m i t t e r  t o  t h e  rocket  ( rad ians)  
Elevat ion angle from t h e  t r a n s m i t t e r  t o  t h e  rocket  (degrees) 
A roo t  of t h e  Booker equat ion,  imaginary p a r t ,  d i r e c t  wave 
A r o o t  of  t h e  Booker equat ion,  r e a l  p a r t ,  d i r e c t  wave 
A roo t  of t h e  Booker equat ion,  imaginary p a r t ,  r e f l e c t e d  wave 
A roo t  of t he  Booker equat ion,  r e a l  p a r t ,  r e f l e c t e d  wave 
Calcula ted  d i s t ance  along rocket  path between minima (meters) 
Cbserved d i s t ance  along rocket  path between minima (meters) 
s i n  (THIC) 
s i n  (THRC) 
Ar r iva l  angle  of t h e  d i r e c t  wave ( rad ians)  
Incident  angle  of t h e  d i r e c t  wave ( rad ians)  
Inc ident  angle  of t h e  d i r e c t  wave (degrees) 
Ar r iva l  angle  of t h e  d i r e c t  wave (degrees) 
Ar r iva l  angle  of t h e  r e f l e c t e d  wave ( rad ians)  
Inc ident  angle of t h e  r e f l e c t e d  wave ( rad ians)  
Inc ident  angle  of t h e  r e f l e c t e d  wave (degrees) 
Arr iva l  angle  of t h e  r e f l e c t e d  wave (degrees) 
Refrac t ive  index of t h e  d i r e c t  wave 









b1UR Ref rac t ive  index of t he  r e f l e c t e d  wave 
- - e/2xfrn 
- c  Speed of l i g h t  i n  vacuum (meter/second) 
- m Mass of t h e  e l e c t r o n  (kilogram) 
WLD h i  Wavelength of t h e  d i r e c t  wave (meters) 
WLR X r  Wavelength of t h e  r e f l e c t e d  wave (meters) 
X X Square of t h e  r a t i o  of plasma frequency t o  wave frequency 
- Y Rat io  of gyrofrequency t o  wave frequency 
Column No. 1 l i s t s  t h e  names of v a r i a b l e s  used i n  t h e  source program ('Fables 
23, 24, and 25, Column No. 2 l i s t s  corresponding names used t o  i d e n t i f y  output 
v a r i a b l e s ,  and Column No. 3 l i s t s  convent ional  mathematical symbols corresponding 
t o  t h e  v a r i a b l e s  of Columns 1 and 2 .  De f in i t i ons  of each of t h e  v a r i a b l e s  
follow t o  t h e  r i g h t .  
and WLR = C/(F * UR) . (8.10)  
Constant phase f r o n t s  of t h e  d i r e c t  and r e f l e c t e d  waves a r e  represented  i n  
Figure 8 . 1  a s  they i n t e r s e c t  i n  t h e  v i c i n i t y  of t h e  rocket  and e s t a b l i s h  su r f aces  
of minimum f i e l d  s t r e n g t h .  The geometry of  Figure 8 . 1  d i c t a t e s  t h e  fol lowing 
sequence of equat ions :  
SH = gin  (THR + THI) (8.11) 
CH = cos (THR + THI) (8.12) 
WLI SOL = - SH (8.13) 
WLR SSH = -S  1-1 (8.14) 
1/2 DIAG = {s0L2 + S S H ~  + 2 SOL * SSH * CH) (8.15) 
cos TA Z CTA =  SOL^ + D I A G ~  - S S H ~  - 2 * DIAG * SOL 
s i n  TA 5 STA = 41 - CTA ** 2  
STA TA = a rc t an  -CTA 
S  = SOL * STA 
SRL = sin(PH + TA - THR) (8.20) 
S  RL = - SRL (8.21) 
The c a l c u l a t e d  va lue  of RL,  t h e  d i s t ance  along t h e  rocket  pa th  between two 
adjacent  minima of  s i g n a l  s t r e n g t h ,  i s  o f  p r i n c i p a l  i n t e r e s t .  A c o r r e c t  va lue  
of X w i l l  b r i n g  RL i n t o  agreement with t h e  observed d i s t ance  between minima, 
RLO. The t r i a l  va lue  of  X i s  changed u n t i l  
(RLO - RL)/RLO -< 0.001, (8.22) 
An i t e r a t i o n  equat ion ,  f o r  changing t h e  value of X u n t i l  (8.22) i s  s a t i s f i e d ,  
i s  der ived as fo l lows .  For t h e  ordinary mode of propagation, 
Figure 8.1 Intersection of direct and reflected waves. 
Thus, changes i n  X and X a r e  r e l a t e d  by t h e  equat ion 
From genera l  s t u d i e s  of  s tanding  waves i n  t he  E reg ion ,  we have observed t h a t  
where X i s  t h e  wavelength of  t h e  d i r e c t  o r  upgoing wave. According t o  t h i s  
approximation, t h e  change i n  X requi red  t o  produce a  des i r ed  change i n  RL i s  
given by t h e  equat ion 
4f (l+YL) 
AX = (1  - -) 3/2 (RLO - RL) l + Y L  
%. 
The FORTRAN equivalent  of  (8 .26) ,  which i t e r a t e s  X u n t i l  (8.22) i s  s a t i s f i e d ,  i s  
X = 2 .  * F/VC * (l.+YL) * (1. - X/(l.+YL)) ** 1 . 5  * (RLO-RL) + X (8.27) 
The convergence of RL t o  RLO was found t o  improve by a  change of t h e  numerical 
c o e f f i c i e n t  4 o f  (8.26) t o  2 o f  (8.27) .  This reduct ion  i n  t he  magnitude o f  X 
tends t o  l i m i t  "over cor rec t ion"  of  RL.  Convergence i s  u sua l ly  a t t a i n e d  i n  t h r e e  
t o  f i v e  i t e r a t i o n s .  
However, d i f f i c u l t i e s  a r e  encountered when X i s  made t o  advance i n t o  t h e  
forbidden reg ion ,  X > 1, by t h e  i t e r a t i o n  equat ion,  (8 .27) .  Under t h e s e  
circumstances,  X i f  forced t o  remain l e s s  than one by repeated s u b t r a c t i o n  of 
t h e  number 0.01,  bu t  convergence i s  s t i l l  not a t t a i n e d  i n  some cases .  I f  
convergence is not achieved, RL i s  ca l cu la t ed  and p l o t t e d  a s  a  func t ion  of  X .  
The value of  X corresponding t o  RLO i s  then read from t h e  graph. 
Values of e l ec t ron  dens i ty ,  obtained by t he  procedure descr ibed above, a r e  
used f o r  a  second ray t r a c i n g  t o  c a l c u l a t e  more accura te  angles of incidence f o r  
t h e  d i r e c t  and r e f l e c t e d  r a y s -  These, i n  turn, a r e  used i n  (8.5)  through (8.27) 
t o  ob ta in  more c o r r e c t  va lues  of X and of e l e c t r o n  d e n s i t y .  
The changes of  incidence and a r r i v a l  angles  r e s u l t i n g  from a t h i r d  ray 
t r a c i n g  a r e  genera l ly  l e s s  than &lo, and have a  r e l a t i v e l y  i n s i g n i f i c a n t  
in f luence  on t h e  c a l c u l a t e d  values of  e l ec t ron  dens i ty .  Numerical c a l c u l a t i o n s  
of v a r i a t i o n s  a r e  i l l u s t r a t e d  g raph ica l ly  i n  Figure 8.2.  From t h e s e  c a l c u l a t i o n s  
we conclude t h a t :  
1. A lo p o s i t i v e  change i n  t h e  va lue  of THI r e s u l t s  i n  an 0.5% decrease 
i n  e l e c t r o n  dens i ty ,  a t  most. 
2. A l o  p o s i t i v e  change i n  t h e  value o f  THR r e s u l t s  i n  a  1 .5% decrease 
i n  e l e c t r o n  dens i ty ,  a t  most. 
3 .  A 1% p o s i t i v e  change i n  t he  va lue  of  t h e  q u a n t i t y ,  RLO, r e s u l t s  i s  a  
3% inc rease  i n  e l e c t r o n  dens i ty .  
I t  i s  evident  t h a t  t h e  l i m i t i n g  f a c t o r  is  the  accuracy of t h e  observed d i s t ances  
between fades ,  RLO, and not  t h e  determinat ion o f  a r r i v a l  angles .  A t h i r d  ray  
t r a c i n g  cannot improve t h e  accuracy of e l e c t r o n  d e n s i t i e s .  
The FORTRAN I V  program which implements (8.5) through (8.27) i s  l i s t e d  i n  
Tables 23, 24, and 25. Parameters f o r  a  given rocke t  shot  a r e  en t e red  by 
Statements (23-10) t o  (23-18). A l t i t ude ,  i nc iden t  angles  of  t he  d i r e c t  and 
r e f l e c t e d  rays ,  and t h e  observed spacing of fades a r e  en tered  f o r  each d a t a  
po in t  by (23-19). Coe f f i c i en t s  o f  t h e  Booker equat ion a r e  c a l c u l a t e d  by (23-44) 
through (24-22) . Equations (8.5) through (8.21) a r e  represented  by Statements 
(24-24) through (24-46), and t h e  i t e r a t i o n  and output s ta tements  follow from 
(24-47) through (25- 11) . 
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115 120 125 130 135 140 145 ll 50 
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Figure 8.2 Variation of electron density with parameters of the analysis. 
TABLE 23 
1 C STANDING WbVE A N A L Y S I S  BY 5 0 0 K E R  Q U A R T I C  
2  D I M E N S I O N  R l 8 )  
3 C  R E A D  C O N S T A N T S  
4  E = 1 , 6 0 2 € - 1 9  
5  P = B e B 5 4 2 E - L 2  
h W = 9 . 1 0 9 1 E - 3 1  
7 V C = 2 , 9 9 7 9 E B  
8  P I  = 3 , 1 4 1 5 9 2 7  
9  R D  = 1 . 9 4 5 3 3 E - 0 2  
1 0  C  R E A D  P A R A M E T E R S  
1 1  P H D  = 7 . 7 5 9 9 E O l  
1 2  A Z D  = 1 . 5 8 9 5 E 0 2  
1 3  B Z  = 1 . 3 3 4 9 E - 0 5  
14  B S  = - 2 , 2 5 6 3 E - 0 5  
15 B E  = - 2 e 5 3 1 0 E - 0 6  
10 B T  = 2 e 6 3 4 8 E - 0 5  
17  Y L  = - 6 . 9 6 6 2 E - 0 2  
18 F  = 3 . 3 8 5 0 E 0 6  
19 2 1  R E A D (  5 9 4 2  ) Hr THRCDI T H I C D I R L O  
2 0  4 2  FORMAT ( 4 F l O e 2 )  
2 1  C  C O N V E R T  D E G R E E S  T O  R A D I A N S  
2 2  PH=PHD*RD 
2 3 T H I C = T H I C D * R D  
2 4  THRC=THRCD*RD 
25 AZ  -- AZD*RD 
26 C  C O M P U T E  I N T E R M E D I A T E  V A R I A B L E S  
2 7 B X  = B S + S I N ( A Z ) + B E * C O S ( A Z )  
2 8 B Y  = - B S + C O S ( A Z ) + B E * S I N ( A Z )  
2  9 V=  l e 7 5 8 7 9 6 E l l / 2 e / P I / F  
3  0 YX = V*BX  
3  1  YY  = V*BY 
3  2 YZ = V*BZ  
3  3  Y  = V * B T  
3 4  A K = E * E / ( ( W * F * * Z ) * ( P * 4 . * P I * * 2 ) )  
3  5 X=.7 
3 6 N=O 
3 7  35 N = N + 1  
3 8  I F ( N - 3 5 )  3 6 r 3 8 r 3 8  
3 9  36 C O N T I N U E  
4 0  S I  = S I N ( T H I C )  
4  1 SR = S I N ( T H R C )  
4  2 C I  = C O S ( T H 1 C )  
4 3 CR = C O S (  T H R C )  
44  C  C A L C U L A T E  C O E F F I C I E N T S  O F  Q U A R T I C  E Q U A T I O N  
4 5 A L = (  l . - Y + * 2 ) - X * (  l . - Y Z * * Z l  
4 6  B E I = S I * X * Y Y * Y Z * Z e  
4 7  B E R = S R * X * Y Y * Y P * Z e  
48  GAI=(C1**2*Y*+2-(1~-X)*(CI**2-X))*2.-X*(YX**Z+CI**Z*YY**Z+~le+Cl 
4  9 1 **2 ) * Y Z * * 2  ) 
5 0  G A R = ( C R * * 2 * Y * * 2 - ( l e - X ) * ( C R * * 2 - X ) ) * 2 e - X * ( Y X * * 2 + C R * * 2 * Y Y * * 2  
5  1 l + ( l e + C R * * 2 ) * Y Z * * 2 )  
5  2  D E I = - C I * * 2 * S I * Y Z * Y Y * 2 .  
53 D E R = - C R * * 2 * S R * Y L * Y Y * 2 *  
5 4  EPI=(l,-X)*((CI+*2-X)**2-YY**2*CI**4)-CI**2*(CI**2 
5  5 l - X ) * ( Y X * * 2 + V b * * 2 )  
5 6  EPR=(L,-X)*I(CR**2-Xb*42-YY**2*CR**4)-CR**2*(CR**2-Xk*(YX**2 
5  7 1 + Y  Z**2  
5 8  C F I N D  R O O T S  OF Q U A R T I C  E Q U A T I O N  FOR D I R E C T  WAVE 
5  9 CALL Q U A R ( A L I B E I ~ G A P ~ D E l + E P I ~ R )  
6 0  I F ( R ( 8 1 )  5 9 3 9 5  
TABLE 24 
1 3  QD=R ( '9 
2 GS T 3  61 
5  I F  ( R ( 6 1 )  6ob4 .6  
14 QD=R(  5 )  
5 GO T O  6 1  
6 I F ( R ( 4 )  1 7 , 2 9 7  
2  QD=R ( 3  ) 
8 GO T O  61 
9 7  QD=R ( 1 1 
lo 6 1  CONT I N I J E  
11 C F I N D  R O O T S  OF Q U A R T I C  E Q U A T I O N  FOR R E F L E C T E D  WAVE 
12 C A L L  Q U A R ( A L I B E R * G A R * D E R * E P R v R )  
13 I F ( R ( 2 ) ) 1 7 r 1 6 r 1 7  
l4 16 Q R = R (  1 )  
15 GO T O  91  
l6 17 I F ( R ( 4 ) )  1 9 r 1 8 r 1 9  
17 1 8  QR=R ( 3 
18 GO T O  91  
19 19 I F ( R ( 6 ) )  2 2 9 2 0 9 2 2  
20 2 0  Q R = R ( 5 )  
2 1 GO T O  91  
9 1 C O N T I N U E  
C C A L C U L A T E  D I R E C T  WAVE I N D E X *  A R R I V A L  A N G L E ?  AND WAVELENGTH 
8 U I = S Q R T ( Q D * * 2 + S I * S I )  
T H I = A R S I N ( S I / U I )  
T H I D = T H I / R D  
w L I = V C / F / U I  
C  C A L C U L A T E  R E F L E C T E D  WAVE I N D E X *  A R R I V A L  A N G L E *  AND WAVELENGTH 
U R = S Q R T ( Q R * * Z + S R * S R )  
T H R = A R S I N ( S R / U R )  
T H R D = T H R / R D  
W L R = V C / F / U R  
C COMPUTE S U P E R P O S I T I O N  O F  D I R E C T  AND R E F L E C T E D  WAVES 
4 S H  = S I N ( T H R + T H I )  
C H  = C O S ( T H R + T H I )  
SOL=WL I / S H  
S S H = W L R / S H  
D I  AG2=SOL**2+SSH**2+CH*SOL*SSH*2. 
D I A G = S Q R T ( D I A G Z )  
C T A  = (SOL**~+DIAG~-SSH**2)/(DIAG*SOL*2r) 
S T A = S Q R T ( l . - C T A * * 2 )  
T A  = A T A N ( S T A / C T A )  
S = S O L * S T A  
S R L  = S I N ( P H + T A - T H R )  
R L = S / S W L  
IF(A8S((RLO-RL)/RLO)-0.001) 3 8 9 3 8 9 3 9  
3  8 CONT I N U E  
C  P R I N T  V A L U E S  OF I M P O R T A N T  Q U A N T I T I E S  
W R I T E  ( 6 . 7 1  )F *PHDID*XVH 
W R I T E ( ~ * ~ ~ ) B T I B X I B Y I B Z  
W R I T E ( 6 * 7 3 ) T H l C D ~ T H I D * T H R C D ~ T H R D  
W R I T E ( 6 * 7 4 ) Q D v Q R * U I t U R  
W R I T E ( 6 * 7 5 ) W L I q W L R * S I R L  
WRITE(6*76)SOL*SSHrN*RLO 
GO T O  2 1  
3 9 X = 2 , * F / V C * ( l , + V ~ ) * ( 1 , - X / ( l ~ + Y L ) ) * * 1 ~ 5 * ~ R L O - f f L b + X  
2 5 I F  ( X - 0 1 9 8 )  7 0 r 9 0 9 8 0  
8 0 X = X-0,OP 
GO T O  2 5  
TABLE 2 5  
CONTINUE 
D=X/AK 
FORMAP(6H F ~ l p E 1 0 ~ 3 r f X r 5 H  EL ~ O P F 5 . l t l O X t S H  N = lPE10 .3rSX1 
15H X =OPF6.3t6Xv4HH = F6.2)  
FORMAT(6H €3 = l P E 1 4 . 7 r l X v 5 H  BX = l P E 1 4 . 7 t l X r 5 H  B Y  = lPE14 .7v1Xt  
15H 8 2  = lPE14 .7 )  
FORHAT(6H THO =F6,3r9Xv5HPSD =F6,3,9Xt5HTHR = F S e I t Z O X ~  
15HPSR zF5 e l )  
FORHAT(6H OD =F6.4r9XtSH QR =F7.4r8XT5HMUD =F6.4t9XtSHMUR z F 6 . 4 )  
FORMAT(6H WLD rF6e l t9Xt5HWLR a F 6 e l r 9 X t 5 H  S =F6.199Xv5H RL ~ F 6 . 2 )  
FORMAT(6H SOL =F6elr9Xv5HSSH = F 6 e l r l O X v 4 H  N = 1 2 r l 3 X * 5 H R L O  = F 6 . 2 / )  
GO TO 35 
END 
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